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I. INTRODUCTION 

In recent years, there has been a great interest in studying the high en- 
ergy scatterings in QCD. An efficient approach in the tree approximation is to 
formulate recursion relations for currents with n gluons in terms of those with 
fewer gluons [1]. The gluon currents which have been studied so far contain only 
one off-shell gluon. These are appropriate for processes involving only gluons, or 
a single quark line plus gluons. However, as soon as we consider processes with 
two or more quark lines, we encounter gluon currents with two or more off-shell 
gluons. These currents also satisfy recursion relations similar to those for currents 
with one off-shell gluon. 

In this paper we will study the process 

qq >qqgg---g. (1.1) 

Because of the non-Abelian nature of QCD, the number of Feynman diagrams 
for this process is enormous, even at tree-level. This is true even in cases that 
are far simpler than the one being studied here. Thus, a suitable means to or- 
ganize and simplify the calculation is required. A fruitful concept in this respect 
has been the multispinor representation of a vector field [2 ] . Over the last 10 
years or so, a whole industry devoted to the application of the spinor technique 
to multi-parton processes has sprung up, employing the spinors in a number of 
different contexts [3,4]. An excellent guide to the many approaches and methods 
developed for such calculations is the review by Mangano and Parke [5]. We 
will organize our calculation within the framework of the recursion relations pre- 
sented in reference [1]. The multispinor representation allows us to treat quarks 
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and gluons on an equal footing, while the recursion relations supply connections 
between currents with n particles and those with n — 1 and n — 2 particles. Once 
we have the recursion relations, we can use their solutions as the starting point 
for our calculations. Rather than a large number of Feynman diagrams showing 
all of the possible gluon configurations, we consult a handful of diagrams built 
from the individual currents. We will use Weyl-van der Waerden spinors in this 
work (a summary of our conventions appears in the appendix). 

The organization of this paper is as follows. In section 2, we briefly review 
the recursion relations for quarks and gluons involving only one off-shell particle. 
We also recount the solutions to these relations for the case in which all of the 
gluons have the same helicity. In section 3, we study the gluon recursion relation 
for a gluon current with n off-shell gluons plus any number of on-shell gluons. 
We then specialize to the case n = 2 and introduce a "modifled" current. This 
modifled current will have a "special" gluon, which is off mass-shell and has a 
modifled "polarization spinor." This recursion relation for the modifled current 
is easily solved when the modifled "polarization spinor" for the special gluon 
assumes a certain form, and the gluons have like helicity. We present a closed 
form solution for the modifled gluon current for this special case. In section 4, 
we show how the modifled gluon current flts into a computation of the process 
(1.1). We then do the actual calculation for (1.1) for the case in which all of 
the gluons have the same helicity. Mangano [6] has obtained an expression for 
this amplitude by using the fact that each color conflguration corresponds to 
a gauge invariant amplitude. Requiring the correct collinear and soft limits in 
the amplitude leads to the form published in reference [6]. We flnd that we are 
able to reproduce Mangano's result using an appropriate combination of quark 
and gluon currents as the starting point. Hopefully, the techniques and details 



4 
presented here will provide a stimulus for the development of new methods to 
tackle even more difficult problems. The final section contains a few concluding 
remarks. 



II. THE QCD RECURSION RELATIONS 
AND THEIR SOLUTIONS 

In this section we will review the recursion relations for quarks and gluons 
and their closed form solutions for special helicity configurations presented in 
reference [1]. Each of the currents discussed below has only one off-shell particle. 

2.1 The multi-gluon current 

We deffne the current J?(l, . . . ,n) for one off-shell plus n on-shell trans- 
verse gauge bosons in the tree approximation. By convention, all momenta will 
ffow into the graph. The jth gauge boson will have momentum kj, with the 
off-shell boson having momentum k^+i = ~{ki + k2 + ■ ■ ■ + kn) = — /t(l, n). The 
color index of the off-shell boson is x, while its Lorentz index is ^. We include the 
propagator for the off-shell boson in the definition of J?(l, . . . , n). This definition 
gives 



Jf(l,...,n) 



n-l 

I 



Z^ \3 A^ n\ ■\(^_-\\J 



^ ' ' V{l...n) ^ j=l -^ ^ ■" 

n— 2 n— 1 ^ 

j=\ £^j+l ■' ^■' ' ^ ^ C(l 2 3) 

^K-''''''\Z\{l,...,j)Jll{j+l,...,^)JX{^+l,...,n)Y 



(2.1^ 
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In (2.1) f is the structure constant of the group SU{N). We denote the 
fundamental matrix representation of SU{N) by T°', hence, 

[T'',T^]=if''^''T''. (2.2) 

The T's are normahzed such that 

tr T^T^ = i(5"^ (2.3) 

and satisfy the completeness relation 

J2 {T^h (T^M = \ [SjAi - ^SijSk^ . (2.4) 

x=l 

The functions V^y(_{ki, k2, k^) and -^'01020304 represent the 3-vertex and 4- vertex 
respectively: 

Vf^ud^i, k2, ks) = g^u{.ki - k2)^ + g^^{k2 - k^)^ + g^^{k^ - ki)^, (2.5) 

Ki^x^v = QnuOXfi - guf^gxi^- (2.6) 

The symbol V{1 . . .n) denotes permutations among {1, . . . , n}, while C{1 . . .n) 
represents cyclic permutations. 

Berends and Giele [1] show that J?(l, . . . , n) satisfies the following factor- 
ization property and recursion relation: 

Jl{l,...,n) = 2g^'^ Y, tr{Q[l,n]T-)J^{l,...,n), (2.7g) 

P{l...n) 
.n-1 



1 / 

3=1 l=j+l ^ 



J = i t=3- 

J(l) = e(l). (2.7c) 



In (2.7) we have the notations: 

l][l,n] =T''i---T"", (2. 

[J(l,..,j),J(j+l,...,n)]^ = 

= 2ft:(j + l, n) ■ J(l, . . . , jV?(J + 1, • • • , «) 
-2«:(l,j)-J(j + l,...,n)J^(l,...,j) 

+ J(l, . . . , j) ■ ^(j+1, ■■■,n) [k{1,j) - k{j+1, n)]e, 

{ J(l), J(2), J(3)}^ = J(l) • [J(3) 7^(2) - J(2) J^(3)] 

-J(3)-[J(2)J^(1)-J(1)J^(2)]. 
The current J(l, . . . ,n) satisfies the following properties [1]: 



(2.9) 



(2.10) 



J(l,2,...,n) = (-l)""V(n,n-l,...,l), (2.11a) 

J2 J{l,...,n) = 0, (2.116) 

C(l...n) 
n 

5^J(2,...,j,l,j+l,...,n)=0, (2.11c) 

K{l,n) ■ J(l,...,n) =0. (2.11rf) 

The recursion relation (2.7) may be solved easily for any number of gauge 
bosons in two special helicity configurations. The key ingredient [1] is the ability 
to choose gauge spinors such that 

ea«(Oe^"(j) = (2.12) 

for any pair of gauge bosons i and j. Thus, to consider the situation in which all 
of the gauge bosons have the same helicity (positive, for concreteness) , we choose 

ea,U^) = ^^^^^^f^, J = l,2,...,n, (2.13) 



7 
with the same arbitrary null-momentum h for each particle. We will not have 
occasion to utilize the solution for the situation in which one of the gauge bosons 
has negative helicity: hence, we will not present it here. The interested reader is 
referred to reference [1]. 

The gauge choice (2.13) has the following consequences for the currents: 

J(l,...,j)-J(£,...,n) = 0, (2.14a) 

{J(l,...,j),^(j+l,---,^),^(^+l,---,n)} = 0, (2.146) 

for any values of j, £, and n. Furthermore, the square bracket function simplifies 

to 

[J(l,...,j),J(j+l,...,n)]^ = 

= 2«:(j + l, n) ■ J(l, . . . , j) J^(j+1, . . . , n) (2.15) 

-2«:(l,j)-J(j+l,...,n)J^(l,...,j). 
We may use these simplifications plus some help from the Schouten iden- 
tity (A. 8) to write the recursion relation (2.7) in spinor form as 

— /2 ^~^ 
J««(l, . . . , n) = -2-^ Y. ^a/3(l' • • ■.3)J^^{3+^. • • • , n)Kp^{l, n), (2.16) 

valid for this helicity configuration. 
The solution to (2.16) is [1] 

J-„a(l+, . . . , n+) = uMuP{h)Kp^{l, n)X(l+, . . . , n+), (2.17a) 

for the case where all of the gluons have the same helicity. 

2.2 The quark current 

We now review the fermion currents presented by Berends and Giele [1]. 
These currents consist of a quark line plus n gluons in the tree approximation. 



One end of the quark line will be off shell. In the following, all momenta flow 
into the diagram. We will denote the momentum of the quark by p and its color 
index by i. The antiquark will have momentum q and color index j. In the case 
where the quark is off shell we have, by definition: 

^ n— 1 ^ ^ 

ijji{q;l,...,n)= J] Y.JT^^^J^l'l'Jmil-A,---,^) 

Vil...n)£=0 -^ >■ (2.18) 

This simplifies to 

%ji{q-X...,n)=g^ J2 (l^[l,n]),,^(g; 1, . . . ,n), (2.19a) 

r{l...n) 

where 

^(g;l,...,n) = 

[q-\-K{i,n)\ ^^^ 

Since the helicity of the quark line is conserved in the massless limit, (2.19b) has 
two translations to Weyl spinors: 
r(g-;l,...,n) = 

= r-^TT-^ E^^(^"' 1' • • • '^)^/3a(^+l' • • ■,n)[q + R{l,n)r ^^'^^""^ 
[g + /t(l,n)J^^ 

for a left-handed antiquark and 
i>aiq'^;l,...,n) = 

[q + K{l,n)Y f^^ P 
for a right-handed antiquark. 

In analogous fashion, when the antiquark is off shell we have 



^,.(l,...,n;p)= Y: j:(Un-i)\ml) 



P(i....).^i--~ ^)!^(l,n)+/ (2.21) 

X (-2(?)(T"),^7^jJ(l, . . .,i)i^miii+l, . . . ,n;p). 



which simphfies to 



^,-,(l,...,n;p) = (?" J2 (l^[l,T^]),^^(l,...,n;p), (2.22a) 

V{l...n) 



where 

^(l,...,n;p) 



1 " 



fW'(f+l,...,n;p). '^■^^''' 



In terms of Weyl spinors, (2.22b) reads: 
^a(l,...,n;p") = 

= r n "^^ ., X]Kl,n)+pU^"^(l,...,£)V^^(m,...,n;p") ^^'^^''^ 

for a left-handed quark and 

r(l,...,n;p+) = 

for a right-handed quark. It is worth mentioning that 

^^(1, ...,n;p+) = (-l)-e"'3^^(p+; n, n-1, . . . , 1) (2.24a) 

and 

^«(1, . . . , n; p-) = i-ir^^ip'; n, n-1, . . . , 1)5^«. (2.246) 

The recursion relations (2.20) and (2.23) are easily solved when all of the 
gluons have the same helicity. The gauge choice for the gluons is the same as 
that used for the pure gluonic current, namely (2.13). The solutions for n > 1 



are 



and 



r{q-; 1+, . • • , n+) = -V2u'^{q){q h)^X{l+, ...,n+) (2.25) 



^a(g+; 1+, . . . , n+) = v^w'3(/i) [q + «;(!, n)]pJ-^X{l+, . . . , n+), (2.26) 
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where the scalar function X(l+, . . . , n^) is given by (2.17b). For n = we have 
simply 

r(g-) = «"(?), (2.27) 

^d(g+) = Ua{q), (2.28) 

consistent with (2.25) and (2.26). The ofF-shell antiquark currents are easily 
obtained from (2.24). 



III. CURRENTS WITH SEVERAL OFF-SHELL GLUONS 

In this section we will begin by presenting a generalization of the Berends 
and Giele gluon recursion relation [1] which allows two or more of the gluons 
to be off shell. We will then specialize to the situation in which one gluon is off 
shell, one gluon has a "generalized" polarization spinor, and the remaining gluons 
are on shell. If all of the on-shell gluons have the same helicity, the generalized 
recursion relation simplifies, and we are able to solve it for arbitrary n. As we 
shall see in Section 4, this quantity may be used to aid in the computation of the 
process (1.1). 

3.1 The recursion relation 

We define the current /?(1*,2*, . . . ,n*) to consist of the sum of all tree 
graphs with n+1 external gluons. The gluons labelled by {1, 2, . . . , n} have mo- 
menta /ci, /c2, . . . , kn, color indices ai, 02, . . . , a^, and special polarization vectors 
e(l*), e(2*), . . . , e(n*). These special polarizations are included to avoid a prolif- 
eration of indices: in general, 

kj-eij)^0. (3.1) 
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Furthermore, we allow for 

A;2 ^ 0. (3.2) 

We have not included the propagator factors for theses gluons. The last gluon 
has momentum kn+i = —K,{l,n), color index x, and Lorentz index ^. We do 
include the propagator for this gluon in the definition of /. 

Because of (3.1) and (3.2), it is easy to obtain currents with any number 
of off-shell gluons from /?(!*, 2*, . . . , n*). All that is required is to remove the 
appropriate polarization vectors, and supply a propagator for each off-shell gluon. 
"Normal" polarization vectors may be used to replace the polarizations of the 
remaining gluons which are to be on shell. 

An examination of the derivation given by Berends and Giele [1] for the 
gluon recursion relation (2.7) reveals that the kinematic and color structures 
factorize quite early in the derivation. As a result, it is immediately obvious that 
/ satisfies the same factorization property as J and the recursion relation for / 
has the same form as (2.7), namely, 

/|(r,...,n*)=2/-i Yl trin[l,n]Tni^il*,...,n*), (3.3a) 

V{l...n) 



1 / 

n—2 n— 1 N 

+ E E {/(i*,...,r),/((j+i)*,...,n,A(m)*,...,n*)}A 

i=l £^j+l ^ 

(3.36) 
/(l*) = e(r). (3.3c) 
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The only difference between (3.3b) and (2.7b) is the appearance of a new square 
bracket function, defined by 

[/(!*,. ..,r),/((j+l)*,...,n*)l^ = 

= [2Kij+l, n) + /.(I, j)] ■ /(I*, • • • ,f) kiij + ^y^ • • - ^*) 

(3.4) 
- [2k{1,j) + k{j+1, n)] ■ /((j+1)*, . . . , n*) /^(l* , . . . ,f) 

+ /(!*, ...,/)• /((j+1)*, . . . , n*) Kl, j) - /.(j + 1, n)]^, 
The curly bracket function remains as in (2.10). A comparison of (3.4) with 
(2.15) reveals that the differences between the two are generated by the fact that 
/(I*, . . . , n*) is not a conserved current, that is 

K(l,n)-/(l*,...,n*)^0. (3.5) 

In spite of the loss of current conservation, / still satisfies the following properties: 

/(l*, 2*, . . . , n*) = (-l)"/(n*, . . . , 2*, 1*), (3.6a) 

J2 /(l*,...,n*) = 0, (3.66) 

C(l...n) 
n 

J]j(2*,...,j*,r,(j + l)*,...,n*) = 0, (3.6c) 

corresponding to (2.11a)-(2.11c). 

3.2 The modified gluon current 

We will now consider Taa{^*, 2^, . . . , n'^), a current with just one "gener- 
alized" polarization vector and n— 1 like-helicity on-shell gluons. The polarization 
spinors for the gluons labelled 2, 3, . . . , n are given by (2.13). The "generalized" 
polarization spinor for the first gluon is defined to be 

Xa«(l*) = Ua{h)uf^{h)kif3a (3.7) 
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with 

kf ^ 0. (3.8) 

As we shall see in Section 4, this form of X(l*) appears when we consider the 
computation of the process (1.1). Even though kf does not vanish, we still have 
the relation 

kriaail*) = (3.9) 

as if X(l*) were a true polarization spinor. Because of (3.9), and since all of 
the other gluons have "normal" polarizations, X(l*, 2+, . . . ,n+) is a conserved 
current, in contrast to the more general case leading to (3.5). Thus, the square 
bracket function in (3.4) reduces to the form (2.15). Moreover, X(l*) is propor- 
tional to Ua{h). This means that key properties (c/. equations (2.12), (2.14), and 
(2.15)) leading to the simplified form of the recursion relation (2.16) for J' still 
hold when one of the jT's is replaced by an X. Thus, 

"'^^-^-^+ ^■+^-/^^((j + l) + ,...,n+).,,(l,n), ^'-'^^ 



^2(i^^)XJ^a/3(l*'2+,--->J + )^^ 



with (3.7) giving the starting point X(l*). 

The next current, X(l*,2"'"), is found by direct calculation from (3.10) to 
be 



X (1*2+)- ^f2 ^'^^)y)^'^^^'^'2)P^^W^iiiU'{i^2} .g ^^x 



Ua{h)ul^ {h){ki + k2)i3a u^{h)ki-yju'^ {k2) 
(2 h) {ki + k2) 

which should be compared to 



J««(l,2j- V2 ^^ {hi) {12)' ^^-^^^ 



as obtained from (2.17). If it were true that k^ = 0, then we would have 

u'y{h)ki^^u''{k2) _ {h 1)(2 1)* _ {h 1) 
{ki + k2f ~ (2 1)(2 1)* " |2Ty 



(3.13) 
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Thus, we see that 



* O + ^l 



hm J«^(l*,2 



|1|/i)J«a(1+,2+). 



(3.14) 



Equation (3.14) suggests that we try the following ansatz for X(l*,2"'", . . . ,n^), 
valid for n > 2: 



-^aa\^ ■) ^ , ■ ■ ■ ^n J 



-V2 



^_iUa{h)ul^{h)Ki3a{l,n) 






(3.15) 



(2|3,...,n|/i) 

The first term of (3.15) reduces to (h\l\h) Jaa{^^ ■, 2^, . . . ,n+) in the limit k\ -^ 0, 
while the second term, with its undetermined function A^, vanishes in that limit. 
It is obvious from (3.12) that 

A2 = 0. (3.16) 

We now prove (3.15) by mathematical induction. Assume that (3.15) is 
true for X(l*,2^, . . . ,£^) with i < n. The recursion relation (3.10) along with 
the known solution (2.17) for J' tell us that 

-^aa\^ ■) ^ 1 ■ ■ ■ iTl j ^ 

= -v^[j^^(r)^^/5(2+,... 



,n 



n-l 



+ ^j^^(r,2+,...,£+)jf^^((£+i)+,.... 



n 



+^ 



i=2 






-^f2Y-^ u^{h)u\h)Kp^{\,n) \u\h)k^^-^R^\2,n)u^{h) 



n-l 



(2|3,...,n|/i) 



(3.17) 



^+1) 



Se/ 



£^2 
n-l 



{i\h\£+l) 
{i i+l) 



u\h)K.,{l,i)K'%i+l,n)u,{h) 



{h2) 

u^ {h)ki^^v? {k2) 



{ki + k2f 



Let us denote the second term in the curly brackets of (3.17) by S. Writing out 
the implicit /t-sums we have 



s^'£m^,m^Y± 1 7l^"'(^)*.«*N(^)- 



(*'+'=^)' iAtiU^mm 



(3.18) 
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Because kf ^ 0, 



^iM ^ Mh)ui{ki), 



(3.19) 



and we must treat the i = 1 portion of (3.18) separately. Doing this and changing 
the order of the summations produces 



S 



u^ {h)ki^.yU^ {k2) 
{ki + k2f 



•n— 1 n j — 1 

ZEE 

n j-1 



(£|/l|£+l) 



(/ii)(j i)*{j h) 



T.Y.^^^y^h)k,,;u\k,){jh) 



J=3 i?=2 



{^W+i) 



The sums on £ may be performed using (A. 16), with the result 



S 



u'^{h)kijju'^{k2) 



■n—l n 



{^3) 



(^1 + ^2)^ L^,5ti<^l^l^-) 



{hi){3iT{3h) 



(2j) 



j=3 



u^ {h)kijju'^ {k2) 
{ki + k2f 



-K^{2,n) 



u'^{h)k^g^R{3,nY'u,{k2) 
{h2) 



(3.20) 



(3.21) 



The Weyl equation allows us to extend the sum in the numerator in the second 
term of (3.21) to K,{2,n). We may then write ki = /t(l,n) — /t(2,n) to obtain 



-u^{h)k^ggR{3,nY'u,{k2) = -u\h)Kgg{l,n)R{2,nY'u,{k2) 

+ {h2)K^{2,n). 

Substituting (3.22) into (3.21) produces 



S 



u\h)ki^A^vri{k2) u\h)K^-^{l, n)K{2, nf'u,{k2) 

u\h)K^^{l, n)R^^{2, n)k2e'ykpu^{h) 
{h 2) {ki + k2Y ■ 



(3.22) 



(3.23) 
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Repeated use of this trick yields 

u^{h)Kgg{l,n)R^'{2,n)k2ej{ki + hV^Ujjh) 
{h 2) ih + k2f 



S= — 



u 






u 



\h)Ks^{l,n)K^\2,n)ku^{ki + hV'u^jh) 



^ {h 2) (fci + A;2)2 

/{h)k^g^R^^{2,n)u^{h) 



(3.24) 



■u'' 



K 



\l,n 



{h2) 
u\h)k^^-^u\k2) 
{h + k2f 



k\ 



'l\h)Ki;:^{\,n){kx^k2pU^{K) 

{h 2) (A;i + k^Y ■ 

By inserting (3.24) back into (3.17) we arrive at 

T . n* 9+ r^^\ — 



T ■ i\* 2+ 



(-x/2)' 



,n+) = 



i-l 



Ur 



ih)u('ih)K^ail,n) f u\h)k^g^^\k2) 



+ 



(2|3,...,n|/i) , _ . ., 

A;2 [M'^(/i)/t5^(l,n)(A;i + A;2)T'TM^(/i) 






{h 2) {ki + k2f 



(3.25) 



-E^. 



which satisfies the ansatz (3.15) if we insist upon the following recursion relation 



for An: 

An = 



fi;2(l,n) 



'u^{h)K^A^{l,n){ki + k2)'^'^u^{h) 
{h 2) {ki + k2Y 



n-l 



- E ^^ (fSri) "'(^)'^^^(^' ^)'^''(^+i' ^)«^(^) 



^=2 



1=2 • ' ' 

Since A2 vanishes, (3.26) tells us that 

^^(/i)A:3^^(fcl + hV^u^jh) 

^ {h2){ki + k2f{ki + k2 + k^f 

Use of (3.27) in (3.26) to obtain A4 yields 

_ M'^(/l)/t57(l,4)/tT'T(l,2)M^(/l) 

^~ (/i2)/s:2(l,2)fi:2(i,4) 

tx^(/i)/tg^(l,3)fcj^A:3-y-v/t^^(l,2)tx,(/i) 
^ (/i 2) /€2(1, 2) /€2(1, 3)^:2(1,4) ■ 



(3.26) 



(3.27) 



(3.28) 
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The numerator in the second term of (3.28) may be rewritten as follows: 

M = u\h)K^^{l, 3)^^A;3^^«;'^^(1, 2)u,{h) 
= u\h)K^^{l, A)ki^K^^{l, 3)«:^^(1, 2)u,{h) 

(3.29) 

- K\l,?,)u\h)K^^{lA)KH^,2)u,{h) 

+ K^{l,2W{h)k,^fJ'{l,3)us{h), 

where we have made repeated use of the Weyl equation, the antisymmetry of 
the spinor product, and added and subtracted terms as required to complete the 
squares. When (3.29) is combined with (3.28) we obtain 

_ u\h)ks5^R-y^ii,2)u^ih) u\h)k4s^,R'y'y{i,3)u^ih) 

^ (/i2)fi:2(l,2)fi:2(l,3) {h 2) k^{1,3) k\1,4) ' ^' ' 

Equations (3.27) and (3.30) suggest the ansatz 

1 ^ u^{h)kjSyK^^il,j)u^{h) 
J— •J 

We prove this ansatz by mathematical induction. Assuming A^ to be given by 

(3.31) for i < n, An is determined by (3.26) to be 

u\h)Ksjil,n)R.'y^{l,2)u^{h) 



A 



n 



(/i2)/t2(l,2)fi;2(i,n) 
(ii+l) u\h), 

{e\h\e+i) (/i2)/t2(i,n) 






£=3 i=3 

ul^{h)kjp^R^'^{l,j)u^{h) 
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Let us interchange the order of the summations in the second term of (3.32) and 

break K,{l,i) into K,{l,j) + K,{j+l,i): 

_u\h)Ks^{l,n)R"'^{l,2)u^{h) 
"~ (/i2)«2(l,2)fi:2(l,n) 






EE 






,=3, ^,.+1(^1^1^+1) (/^2)«:2(i,^) 

«:2(l,j-l)«:2(l,j) 
We have adjusted the hmits in the third term of (3.33) to reflect the vanishing of 
fi;(j+l,£) for j = i. Denote the three contributions in (3.33) by Zi, Z2, and Z^ 
respectively. 

We examine Z^ first. Writing out the ^-dependent /t-sums yields 

F =-V V V V (^^+1) u\h)k^gfktu.{h) 

3 2^ 2^ 2^ 2^ {i\h\£+l) {h2)K^(l,n) 

Next, we interchange the sum over i with both the sum on i and the sum on m 
and use (A. 16) to do the ^-summation: 

{£C+1) 'i.«(A)<:,jj*««,(A) 



^3 = -E E EE 



{i\h\i+l) (h2)K^(l,n) 

§.5+2.5i<^l^l-) (^2) .2(1,,) 

^^(/t)/i;j^^/t^^(l,j>^(/i) 



/«^(1,J-1)«^(1,J 
(i m) (h i) {m i)* {m h) 



(3.35) 



19 

Recognizing that {i m){m i)* = —2ki ■ km allows us to write (3.35) as 

J— •J 
where we have extended the sum to j = n — 1 because /c^ = 0. 

Setting Z^ aside, we turn to ^2- There is only one ^-dependent K-sum 
here, so we write 



^^--EE E 



""'" ' " {ii+l) u\h)K^^{l,3)k'^u,{h) 
U\h\i+l) (/i2)/t2(l,n) 

uP{h)kj[3A^'K''^{l,i)u^{h) 

Before we can do the sum on £, we must interchange it with the sum on m. Once 
this is accomplished, we may use (A. 16) to perform the sum: 

^_V V V (^^+1) ^\h)K^^{l,3)k^^u,{h)uP{h)kjp^R'^^{l,j)u^{h) 

= _V V 0' "^) w'^(/^)^jg(l,J>'^(fem)(^ h) {hj)uj{kj)K''^{l,j)Uj{h) 

P,mtf+i 0>H (/i2)«:2(i,n) «:2(l,j-l)«:2(i^_^-) 



J— •J 



Writing /t^^(l, j) = /t^^(l,n) - Kgg{j+l,n) yields 

_ ^ M^(/i)/tg^(l,n)/t'^^(j+l,n)%^-^/t'>^(l,j>^(/j.) 

J— •J 

^ /t2(j+l,n)M^(/i)A:^-^^/t'^'>(l,j>^(/i) 
£- (/i2)«:2(l,n)/s:2(l,j-l)«:2(i^_^-) 



(3.38) 



(3.39) 



We recognize the second term in (3.39) as precisely —^3: hence, when we form 

^23 = ^2 + ^3 we are left with only 

^ ^ M'^(/^)/tg^(l,n)/t'^^(j+l,n)A;j/3^/t'>'^(l,j>^(/i) 
'' ^ (/.2)/.2(i,n)«:2(i,_^_l)^2(i^_^-) • l^- UJ 
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Let us call the numerator of (3.40) A/23. 

We may use the Weyl equation and the clever addition and subtraction of 
terms to write A/23 as the combination of three terms containing perfect squares 
of momentum sums: 

= K (l,n)-u {h)kjs^K^^{l,j)u^{h) 
= /t^(l,n)-u {h)kj5jR'^'^{l,j)u^{h) 

Insertion of (3.41) into (3.40) gives 



(3^41) 



j=3 



u\h)kjs^K'y'y{l,j)uj{h) 



^ {h2)K^il,n) 
J— "J 



R^^{l,j-l)u^ih) K^^il,j)u^ihj 



K^{1,J-1] 



K^{l,j) 



(3.42) 



Most of the terms in the second sum in (3.42) cancel. The remainder reads 
_'^u^{h)kjSjK'^^il,j)uj{h) 



j=3 



{h2)K^{l,J-l)K^{l,j) 



u\h)Kgg{l, n)K^^{l, 2)u^{h) u\h)Kgg{l, n)/t'^T(l, n-l)M^(/i) 



(/i2)/t2(i,2)/t2(l,n) 



(/i2)/t2(l,n-l)fi;2(l,n) 



(3.43) 



If we compare the second term of (3.43) to Zi {i.e. the first term of (3.33)), we 
see that these two terms cancel. In addition, the last term of (3.43) provides a 
j = n term for the sum appearing in the first term. Hence, 



A. 



Z^ +Z' 
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i=3 



u\h)kjSA^K^^<{l,j)u^{h) 
(h2)K\l,j-l)K\l,jy 



(3.44) 
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proving the ansatz (3.31). 

If we re-examine (3.15), we see that the first term in the square brackets 
there corresponds to a j = 2 term for the sum in Aj^. We may thus combine 
(3.15) and (3.44) to produce the compact form 

-^aa\^ 1 ^ 1 ■ ■ ■ iTi j ^ 

= / /7TAn-l,2 ^«(^)^^(^)^/3Q(l'^) 'sp u\K)kj^AiK^^{\,2)u^{h) (3.45) 

^ ^ 1 (/.|2,...,n|/.) ^ k\\,3-\)k\\3) ' 

J— ^ 

vahd for n > 2. 

3.3 General Modified Gluon Currents 

In order to calculate the amplitude for the process (1.1), we require knowl- 
edge of J(l+, 2*, 3+, . . . , n+), J(l+, 2+, 3*, 4+, . . . , n+), etc. We begin by defining 
some useful notation. 

We may separate the expression for X into a factor containing the spinor 
dependence and a scalar function. It is easily verified from the appropriate (mod- 
ified) form of the recursion relation (2.16) that we may write 
jQQ,(l+,...,m*,...,n+) = 

= {-^p2f-^u^{h)u\h)Kfi^{\, n)X{\, . . . , m*, . . . , n). 
For the case already discussed, (3.45) tells us that 



(3.46) 



where 






c (1, 2, . . . , j) = 2n ■ n 2n -^ • (^.48) 

Note that c (1, 2, . . . ,j) is symmetric in its first j — 1 arguments. 

We may obtain X{1, 2*, 3, ... , n) from the relation 
-A'(l,2*,3,...,n) = A'(2*,l,3,...,n) 

n 

+ ^A'(2*,3,...,^, 1,^+1,. ..,n). 



(3.49) 



i=3 
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a specialized form of (3.6c) with an overall factor removed. Careful consideration 
of (3.47) tells us that we have 

{h3) 



A'(2*,l,3,...,n) 



"^2 



{h\3,...,n\h){h\l\3) 
;r(2*,3,...,i,l,i+l,...,n) 



^2 



:(2,l) + 5^c(l,2,... 
{i i+l) 



{h\3,...,n\h){i\l\i+l) 

i n 

5^c(2,3,...,£) + c(2,3,...,^,l)+ Y, c(l,2,...,. 



(3.50a) 



(3.506) 



-£=3 l=i+l 

Equation (3.50b) may even be used for i = n if we define kn+i = h for that 

purpose. Insertion of (3.50) into (3.49) yields 
-A'(l,2*,3,...,n) = 

{h3) 



-^2 



(/i|3,...,n|/i) 



im"^'''^+(/.|l|3)^"^'''' 



{h\l\3) 



±±^^0(2,3,. ..,i) + ±^^ci2,3,...,^,l) ^^-Sl) 



i=3 £=3 
n— 1 R 



i=3 



(i i + l) 



^ ^ (illU+l 



cfl,2, 



i=3 £=i+l \ I I ' / 

The sums on i appearing in double sums may be performed using (A. 16). Re- 
ordering the double sums, doing the sum on i in those terms, and changing the 

dummy summation variable from i to £ in the fourth term gives 
-A'(l,2*,3,...,n) = 

1113)^ '^^(/^|1|3)^'^^''--"^^ 



^2 



(/i|3,...,n|/i) 



(/.|1|3) 



£=3 



V^^c(2 3 £) + V^^^±l^c(2 3 £11 

A.(£|i|/,)^(2,3,...,£) + ^^^l^l^^^^c(2,3,...,£,l) 



(3.52) 



£=4 



+ V^^c(12 



The last sum appearing in (3.52) is trivially extended to include 1 = 3 since 
(3 3) = 0. We then combine it with the second term in (3.52) by using (A. 15): 

(/i 3) (3 I) {h i) 



{h\l\3) (3|1|£) {hWY 



(3.53) 
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We split up the coefficient of c (2, 3, ... , i, 1) by using (A. 15) in reverse: 

{i i+1) {i h) {h e+1) 



{i\l\i+l) {i\l\h) {h\l\e+l)' 
Incorporation of the changes to (3.52) imphed by (3.53) and (3.54) produces: 
-A'(l,2*,3,...,n) = 



(3.54) 



^2 



{h\3,...,n\h) 



{h3) ,^ ^, J^ {hi) 



-^cf2 D + X^^lilLcil 2 
c[Z,i) + 2^ c[i,z,... 



[{h\l\3) ^ ' ^ ' j^Ah\i\i) 



e=3 

n 



+ V^^c(2 3 £)+V^^c(2 3 il) ^3.55) 

We may shift the summation on the last term in (3.55) by 1, so that i runs from 
4 to n+ 1. This causes the same factor ttttjtt to appear here as in the other sums. 
The i = n+1 term may be discarded since {h h) = 0. The ffist term in (3.55) 
is exactly what is required to restore £ = 3 to the shifted sum. Hence, the final 
result is 



^-(1, 2*, 3, . . . , n) = L^ J2 7k^^2(l, 2, . . . , £), (3.56) 

where 

C2il,2,...,i) = cil,2,...,i)- 0(2,3,..., i) 

(3.57) 
- cii,i-l, . . . ,2,1) + cii-l,i-2, . . . ,2,1). 

The coefficient C2{1,2, . . . ,i) is fully symmetric under permutation of all but its 
ffist and last arguments. It is immediately obvious from the definition (3.57) plus 
the fact that c (1, 2, . . . , £) is symmetric in its ffist i — 1 arguments that 

02(1,2,..., i) = -C2ii,i-l,..., I). (3.58) 

Next, we compute X{1, 2, 3*, 4, ... , n) by using the sum rule (3.6c), written 

in the form 

A'i2 = -A'(l, 2, 3*, 4, . . . , n) - A'(2, 1, 3*, 4, . . . , n) 

= A'(2,3*,l,4,...,n) + X^A'(2,3*,4,...,2,l,2+l,...,n). ^^'^^^ 

i=4 
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After performing a series of steps similar in spirit to those producing equations 
(3.49)-(3.56), we obtain 



^^12 



/Cg 



{ih) 



{ih) 



{h\4,...,n\h)^^{e\l\h)[{i\2\h) 



(ih) 



C2(2,l,3,4,... 
{Ih) 



mh) 
(ih) 



C2(2,3,...,£) , , ,,, 
C2(2,3,...,£-l,l 



C2(2,3 



, . . . , t-, 



(3.60) 



(1|2|/^) 

The terms in the square brackets may be simphfied. Denote these terms by S. 
Using the definition (3.57) we have 



{iim 



|c(2,l,3,4,...,£)-c(l,3,4,...,£) 
-c(l,3,4,...,£,2) + c(l,3,4,...,£-l,2) 
-c(2,3,...,£) + c(3,4,...,£) 
+ c(3,4,...,£,2)-c(3,4,...,£-l,2) 



{l\2\h) 



(3.61) 



c(2,3,...,£,l)-c(3,4,...,£,l) 



-c(3,4,...,£,l,2) + c(3,4,...,£,2) 
-c(2,3,...,£-l,l) + c(3,4,...,£-l,l) 
+ c(3,4,...,£-l,l,2)-c(3,4,...,£-l,2)}. 
Judicious use of (A. 15) and the symmetry of the c's allows us to rewrite this as 



(£|2|/i)'''^^'^'--- 



-c(l,3,4,...,£) 
(2,3,...,£) + c(3,4,...,£)} 



+ 



(£|2|1) 



c(3,4,...,£,2)-c(3,4,...,£-l,2) 



-c(l,3,4,...,£,2) + c(l,3,4,...,£-l,2)} 



(3.62) 



{l\2\h) 



c(2,3,...,£,l)-c(3,4,...,£,l) 
c(2,3,...,£-l,l) + c(3,4,...,£-l,l)|. 
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Inserting (3.62) back into (3.60) produces 



^^12 



^3 



E 



{h\A, . . . Mh) jriW\m {mh) 



{ihy 



|c(l,2,...,£)-c(l,3,4,...,^ 



^wh^-'''' 



1 ■ ■ ■ 1 ^1 



-c(2, 3,. ..,£)+c(3,4,. ..,£)} 
2)-c(3,4,...,£-l,2) 



{ih) 



\l,2\h) 



-c(l,3,4,...,£,2) + c(l,3,4,...,£-l,2)} 



c(2,3,...,£,l)-c(3,4,...,f,l) 



(3.63) 



-c(2,3,...,^-l,l) + c(3,4,...,£-l,l)}. 
Finally, note that we may use (A. 15) to show that 



{^hy 



{ih) ^ {ih) 



\l\h){i\2\h) {i\l,2\h) {i\2,l\h)- 



(3.64) 



Recalling that 



A'i2 = -A'(l,2,3*,4,...,n)-A'(2,l,3*,4,...,n), 



(3.65) 



we must disentangle the two contributions present in (3.63). This is accomplished 
by considering the n = 4 case explicitly, for which we are able to obtain an 
expression for A:'(l,2,3*,4) from the relation (c/. equation (3.6a)) 



A'(l,2,3*,4) = {-if X (A, 3*, 2,1). 



(3.66) 



The result of this 


process 


is 






A'(l,2,3*,4,. 


.,n) = 


- 


-*i 




(fc|4,. 


• • 1 


n h) 






We may write (3.67) in the suggestive form 



l\l,2\h) 
{ih) 



%l\h) 



C2(l,2,...,^ 

C2(2,3,... 



(3.67) 



A'(l,2,3*,4,...,n) 

_ ^3 



2 n 

EE 



{jW) 



(/i|l,2|/.)(/.|4,5,...,n|/.)^^^ (j£) 



C2(j,...,£). 



(3.68) 
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Likewise, (3.56) may be recast as 
A'(l,2*,3,...,n) = 

kl ^^^^(J>I^) ,. ,, (3.69) 



EE^^-0-^-^^)- 



{h\l\h){h\3,4,...,n\h)^^j^^ {ji) 

Equations (3.68) and (3.69) lead us to the ansatz 
X{l,...,m*,...,n) = 

^ kjn V V ^M^r(n f) (3-70) 

{h\l,...,m-l\h){h\m+l,...,n\h)^ /^ {j i) 2U,---,J, 

valid for 2 < m < n — 1. 

In order to prove that (3.70) is correct, we must return to the recursion 
relation (2.16), which becomes 

Jad(l^,---,"^*, ••-,«+) = 

— /2 "^~^ 

K^{l,n) j^l ""P ^ (3.71) 

- /9 "~^ 
' i—m 

Using (3.46) to replace X by A' and (2.17) for the factors of J appearing in (3.71) 
yields 

A'(l,...,m*,...,n) = 

= -YT — vi Z^ 7T:u ilA X{i+l, ■■■,m , . . . , n 

K^{l,n)[f^^ {h\l,...,t\h) (3 72) 



!^ M^(/i)ft:^^(l, i)ft:'>''^(i+l, n)Mj(fe) 

^ {h\i+l,...,n\h) ^ '••• 



after a bit of algebra. We should like to prove that the ansatz (3.70) is correct by 
induction. Note that we already know the correct form for X{1*, 2, . . . , n) (equa- 
tion (3.47); we may use that in combination with (3.6a) to obtain X{1, 2, . . . , n*): 



.2 "-1 



■^'^•^--"•'= wi...':n-iiA> i:^<"-"-'— ''■ ("3) 
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Since the form of the solution is different when m* appears first or last in the 

argument list, we must handle those terms separately. So, replacing the A"s on 

the right hand side of (3.72) with their values produces 



X{1, . . . ,m 



"m 



K,'^{l,n) {h\l, . . . ,m-~l\h) {h\m+l, . . . ,n\h) 

n— 1 m— 1 i 



m—1 

+ v?{h)K^^{l, m)K^ (m+1, n)ug{h) 2_\ c (m, m—1, . . . , r) 

r=l 
n 

— u^{h)K^A^{l,m—l)R'^ {■m,n)us{h) \^ c(m, m+1, . . . , s) 

s—m+l 

j=l r=i+ls=m+l \ I I "T / \ / J 

(3.74) 

We have used (A. 6) and (A. 13a) to write 

u'^{h)K,jj{l,i)K'^ {i+l,n)us{h) = u'^{h)Kjj{l,n)R'^ {i+l,n)ug{h) 

= u'^{h)Kjj{l,i)R,'^ {l,n)us{h), 

where the first line is used in the first term of (3.74) and the second line in the 
fourth term. 

We begin to simplify (3.74) by evaluating the sums on i appearing in the 
first and fourth terms. Consider the first term (=^"1) in the curly brackets of 
(3.74). Writing out the i-dependent K-sum as a sum on j we have 



(3.75) 



n— 1 n m—1 i 



{ii+1) {r\h\s) 



i=m+l j=i+l r=l s=m+l ^ ' ' ' ^ ' 

m—1 n— 1 n j — 1 ,. . _. , / 1 1, i \ 

= E E E E «^(")«77(i. n)u''{k,)u ft) JLi±iLi!me,(. .,, 

r=l s=m+l j=s+l i=s ^ ' ' ' ^ ' 

(3.76) 
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Using (A. 16) to perform the sum on i yields 

m-l n-1 n ( '\ ( \h\ \ 

m— 1 n— 1 /, V 

= ^ 5Z ^'^(^)'«77(1> "')'«^'^(s+l, n)usiks)-rr^C2{r, ...,s), 

r=l s^m+1 ^ ' 

(3.77) 

where in the second hne we have cancelled common factors and restored the 
implicit K-sum from the explicit sum on j. Employing the same sequence of steps 
on the fourth term in the curly brackets of (3.74) results in 



m—l n / u\ 

X4 = Y. Yl u^ikr)K,^{l,r-l)R''\l,n)us{hy-^C2{r,...,s). (3.78) 

r=2 s=m+l ^ ' 



Combining (3.77) and (3.78) with (3.74) produces 



X{l,...,m*,...,n)- ^- ^ 



fi;2(l,n) {h\l,...,m-l\h) {h\m+l , . . . , n\h) 
Y^ Y u'^{h)K^^{l,n)R,^^ {s+l,n)us{ks)- -C2{r,...,s) 

r=\ s=m-\-\ 

m—l 

+ v?{h)K^A^{l, m)K? (m+1, n)us{h) y^ c (m, m—l, ■ ■ ■ ,r) (3.79) 

n 

— u'^{h)K^A^{l,m—l)K^ {■m,n)us{h) N^ c(m, m+1, . . . , s) 

s=m+l 
m—l n / u\ 

+ E E n'^ikr)K^^il,r-l)R^\l,n)us{hy-^C2ir,...,i 



(r s) 

r=2 s=m+l ^ ' 



We now write k,{s+1, n) as /t(l, n) — /t(l, s) and /t(l, r— 1) as /t(l, n) — /t(s, n) in 
order to extract explicit factors of K^il^n) where possible. Rearranging slightly. 
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we obtain 



X(l, . . . ,m*, . . . ,n 



K^ 



1 



^ r=l s=m+l 



K^{\,n) (/i|l, . . . ,m— l|/i) (/i|m+l, . . . ,n|/i) 

m— 1 n— 1 



m— 1 n 



(r|/i|s) 
(r s) 

(r|/i|s) 



C2(r, 



- «(1, "')^ XI 5Z ''/r!7 g2(r, . . . , s) 



r=2 s=m+l ^ ' 



m— 1 n— 1 



(/l r) 



- X X M^(/i)/t^^(l, n)H?^{l, s)usiks)j^C2ir, . . . , s) 

r=l s=m+l 



(3.80) 



m— 1 ri 



is^i'^/' 



(s/.) 



$Z X^ M'^(/i;r)fi;77(r,n)fi;'^''(l,n)M5(/i)-p^C2(r, ...,s) 

r=2 s=m+l ^ ' 



?n— 1 



+ ■u^(/i)/t^^(l, m)/t^ (m+1, n)-U5(/i) \^ c (m, m—l, . . . , r) 



r=l 

n 



is^i^/ 



v?{h)K^A^{l,m—l)K?^{m,n)us{h) \^ c(m, m+1, . . . , s) 

s=m+l 

We may extend the limits of the first two sums from r = 1 to m — 1 and s = m + 1 
to n by adding and subtracting the appropriate terms. The extra terms which 
arise are precisely the terms needed to extend the second pair of double sums in 
the same manner. Thus, all four double sums may be combined to give 



A'(l,...,m*,...,n) 



Krr 



/t2(l,n) (/i|l, . . . ,m— l|/i) (/i|m+l, . . . ,n|/i) 



X 



m— 1 n 
r=l s=m+l 



.K^(l,„)<^ 

(r s) 

{r s) 

+ u'{kr)K^'yir,n)K^ (l,n)us(h)- :- 

{r s) 



C2(r, ...,s) 



(3.81) 



m—l 



+ u^{h)K^ry{l, 111)^? {■m+l,n)ug{h) N^ c (m, m—l, . . . , r) 



r=l 
n 



?7'^C 



— u^{h)K,^Af(l,m—l)Hi^'^{m,n)us{h) y^ c(m, m+1, . . . , s) |>. 

s=m+l 
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Let us denote the argument of the double sum by A: 

A 



2K^{l.n)^^^^^^ + u'^{h)K^^{l,n)K^\l,s)u5{ks)^^''^ 



(r s) 



(r s) 



+ u^{kr)K,^'y{r,n)K^ {l,n)us{h) 



jSf, „N.. ,l.^{sh) 



{r s) 



(3.82) 



C2(r, ...,s) 



In the second term of A, we write /t(l, s) as K,{l,n) — K,{s+l,n). This gives 



/t^fl, n)-^^ - u^{h)K-yj{l, n)R"'\s+l, n)u5{ks)-^ ""^ 



(r s) 



(r s) 



(^ 
(r s) 



(3.83) 



C2(r, ...,s) 



Using (A. 8) to write 



us{ks) {h r) = -us{h) (r s) - us{kr) {s h) 



(3.84) 



in the second term of (3.83) produces 

A 



K^{1, n)^^i^ + u<{h)K^A^{l, n)R^\s+l, n)u5{h) 



{r s) 
+ u^{h)K^^{l,n)K^ {s+l,n)us{kr) 



{sh) 



+ v?{kr)K^^{r,n)K^ {l,n)us{h) 



{r s) 
(sh) 



(r s) 



C2(r, 



(3.85) 



K 



(1, n)^4^ + u"'(h)K-yJl, n)R'y^(s+l, n)us(h) 
{r s) 

+ v?{kr)K^^{r,s)K? {l,n)us{h)- 



(r s) 



C2(r, ...,s). 



We have used the antisymmetry of the spinor product to accomphsh the matrix 
transposition required to produce the last line of (3.85). 

Let us examine the third term (=A3) in (3.85). Using (3.57) to write out 
the factor of C2(r, . . . , s) we have 



A3 = u^{kr)Kjj{r, s)k^ {l,n)us{h) 



(sh) 
(r s) 



X 



c (r, r+1, . . . ,s) - c (r+1, r+2, . . . , s) 

— c (s, s— 1, . . . , r+1, r) + c (s— 1, s—2, . . . , r+1, r) 



(3.86) 
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Employing (A. 8) to write 



u^{kr) {s h) = -u<{h) {r s) + v?{ks) (r /i), 



(3.87) 



produces 



A? 



v?{ks)K^'y{r,s)K? (l,n)us{h)- : — u^ {h)K^^{r^s)K' (l,n)us(h) 

{r s) 

c (r, r+1, . . . ,s) - c (r+1, r+2, . . . , s) 

+ u'{kr)K,'yA/{r,s)R,'^ {l,n)us{h)- 

X c (s— 1, s—2, . . . ,r) — c{s, s—1, ■ ■ ■ ,r) 



(3.^ 



Inserting the definition (3.48) for some of tlie c -functions and rearranging a bit 
we arrive at 

A3 = —u'^{h)K^j{r, s)R^ (1, n)us{h) c (r, r+1, . . . ,s) — c (r+1, r+2, . . . , s) 
{r\h\s) f u'^{h)K^^{r+l, s)kV K{r, s)jjR'^ {l,n)us{h) 



(r s) \ ^^(r+l, s)/T;2(r+l, s— 1) 

u^{h)K^i:{r, s)kT'K{r, s)jjR'^^{l, n)us{h) 

K'^{r, s)K,'^{r, s—1) 
u^{h)K,^i{r, s)kr^ K{r, 5)^^^'^ (1, n)us{h) 



+ 



fi:2(r, s)/t2(r+l, s) 
u^{h)Kee{r, s—l)kt'^K{r, s)^^R'^ {1, n)us{h) 



K 



2(r, s— l)/i:2(r+l, s—1) 



(3.89) 



The terms in the curly brackets may be simplified by noting that 

f^aa[^J-S)kg Kaa[i., S) ^ K,Q,Q,[i-, S)kg K,aa[l,S—l) 

= ft:a«(l, s)[R{l, s) - R{1, s-l)]"''ft:^^(l, s-1) (3.90) 
= /t^ll- s)k^^{1, s-1) - fi:2(l, s-l)/t^^(l, s). 

Note that in order to use (3.90) in the first and last terms in the curly brackets 
of (3.89), we must extend one of the /t-sums and compensate. This relation is 
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useful in cancelling many of the denominators. The result of applying (3.90) to 



all four terms in (3.89) is 



is^i'^i' 



A3 = -u'^{h)KYf{r, s)k^ (1, n)us{h) c (r, r+1, . . . ,s) - c (r+1, r+2, . . . ,s) 



+ 



{r\h\s) [u'^{h)K^^{r+l, s)kf'kr-yyK^^{l, n)us{h) 
{r s) ^^(r+l, s)/T;2(r+l, s— 1) 

K,'^{r, s—l)K,'^{r+l, s—1) 
{r\h\s) ( u'{h)K,^{r+l, s-l)R,'^\l,n)us{h) 



(r s) y ^^(r+l, s—1) 

u^{h)Kej{r+l, 3)^^(1, n)u§{h) u^{h)K^j{r, s— l)fi:^ (1, n)ug{h) 

/i;2(r+l,s) ^^(r, s— 1) 

u^{h)Ke^{r, s)k^ {1, n)u§{h) ■u'^(/i)/te^(r+l, s)k^ {1, n)us{h) 

H?{r^s) /t2(r+l,s) 

u^{h)Kf:j{r, s)k^^{1, n)us{h) ■u^(/i)/te-y(r+l, s—1)k'^^{1, n)us{h) 



+ 



K^{r, s) 



/t2(r+l,s-r 



+ 



u^{h)K,^A^{r, s— l)/t'^ (1, n)us{h) 
fi;2(r, s—1) 



(3.91) 



The terms in curly brackets cancel among themselves, leaving just 



—u'{h)K^Ai{r, s)k'^ (1, n)us{h) c (r, r+1, . . . , s) — c (r+1, r+2, . . . , s) 



u'{h)^i,i{r+l,s)krua{h) 
^^(r+l, s)Kp'{r+l, s—1) 



/T;2(r, s— l)/i:2(r+l, s— I'' "^"^ 



u'^{h)krjA^K^ {l,n)us{h) 
u'^{h)ks'y^K^ {l,n)ug{h) 



v?{h)Kr~^A^{r,s)K^ {l,n)us{h) 



c (r, r+1, . . . ,s) — c (r+1, r+2, . 



— v?{h)k^^A^K^ (1, n)us{h)c (r+1, r+2, . . . , s) 

— u^ {h)ks'y^K^ (1, n)ug{h)c (s—1, s— 2, . . . , r). 



(3.92) 



where we have simplified the remaining terms to extract factors of c . 
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Substitution of (3.92) back into (3.85) to recover A, and then putting A 
back into (3.81) to obtain X once more gives us 



A'(l,...,m*,...,n) 



K^ 



K^{l,n) (/i|l, . . . ,m— l|/i) (/i|m+l, . . . ,n\h) 



■m—l n 



{r\h\s) 



C2{r, 



^ r=l s=m+l ^ ' 

+ u^{h)K^Af(l, m)K^ {m+l,n)ug(h) N^ c (m, m—l, . . . 



rn—l 



r=l 
n 



— u'^{h) K^f {1,^12— 1)^^ {m,n)us{h) N^ c(m, m+1, . . . , s) 

s=m+l 
m~l n 



(3.93) 



r=l s=7n+l 



X [c (r, r+1, . . . , s) - c (r+1, r+2, . . . , s)] 
+ M (/i)fi;5^(s+l,n)fi;'''^(l,n)-u^(/i) 

X [c (s-1, s-2, . . . , r) - c (s, s-1, . . . , r)] 

+ V? {h)kr'y^K? (1, n)us{h)c (r+1, r+2, . . . , s) 

+ u^ {h)ks'y'yKP'"' {I , n)us{h)c (s— 1, s— 2, . . . , r) 

In addition to regrouping terms, we have made us of the symmetry of the argu- 
ments of c in obtaining (3.93). Consider the second double sum in (3.93), which 
we call S: 

m— 1 n n 

r—l s—m+1 j=r 

X [c (r, r+1, . . .,s) - c (r+1, r+2, . . . , s)] 



m—l n n 



r=l a=m-\-l j—s+1 

X [c (s-1, s-2, ...,r)-c{s, s-1, . . . , r)] 

m—l n 

+ 5Z 5Z [w^(^)^r77/^^'^(l,n)M5(/i)c(r+l,r+2,...,s) 



(3.94) 



r=l s—m+1 



+ u'^{h)kg^A.K^'^{l, n)us(h)c (s— 1, s— 2, . . . , r) 
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In (3.94) we have written out the two imphcit K-sums that do not cover the full 
range 1 to n. We now prepare to do the sum on r in the first term of (3.94) and 
the sum on s in the second term: 



n m— 1 j 

5= Y. $^$^«^WA;,5-y«;^^(l,n)w^(/^) 

s=m+l j=l r=l 

X [c (r, r+1, . . . , s) - c (r+1, r+2, . . . , s)] 

n n m—1 

s=m+l j=m r=l 

X [c (r, r+1, . . . , s) - c (r+1, r+2, . . . , s)] 

m— 1 n ,? — 1 

r—1 j=m+2 s—m+1 

X [c (s-1, s-2, . . . , r) - c (s, s-1, . . . , r)] 

m— 1 n 

+ J2 Yl [u'{h)krj^i^'^\l,n)u5{h)c{r+l,r+2,...,s) 



(3.95) 



+ u'^{h)ks'y'yK^^{l, n)us{h)c (s— 1, s— 2, . . . , r) . 

We are forced to break the first term into two pieces when doing the summation 
interchange. The indicated sums are easy to do: only the endpoints survive, 
leaving 

n m—1 

^= E E"^(^)^i^7'^^^(l'^KW[c(l>2,...,s)-c(j+l,j+2,. ..,.)] 

s—m+l j=\ 
n n 

+ 22 z_/ ^ ih)kj5A^K^'^{l, n)u^{h) [c (1, 2, . . . , s) — c (m, m+1, . . . , s)] 

s—m-'rl j=m 
m—1 n 

r=l j—m+2 

X [c(m,m-l,...,r) - c(j-l, j-2, . . . ,r)] 

m—1 n 

+ 5Z 5Z [w^(^)^r77/t^^(l, n)M5(/i)c (r+1, r+2, . . . , s) 



r=l s=7n+l 



+ u^{h)ks'y^K^^{l, n)us{h)c (s— 1, s— 2, . . . , r) 



(3.96) 
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The terms containing c (1, 2, . . . , s) may be summed on j and combined to give 



y~^ u\h)[K,{l,m-l) + K,{m, n)]^^K''^ {1, n)u^{h)c {1,2, . . . ,s) 

s=m+l 



k' 



l,n){hh) J2 c(l,2,...,s) 

s=m+l 

0. 



(3.97) 



The remaining terms may be written as 

m—l n 

j—l s—m+l 
n 

— y^ u {h)Ksj{m,n)K'^'^{l,n)u^{h)c{m,m+l, . . . , s) 

s=m+l 

+ y. ■" {h)Ksj{m+2, n)K~'^{l, n)u^{h)c (m, m—l, . . . , r) 

r=l (3.98) 

m—l n 

-^ ^ u\h)kj5^K?'^{l,n)u^{h)c{j-l,j-2,...,r) 

r—l j=m+2 
m—l n 

+ Zl Zl [M^(/i)^r77/t'^'^(l,n)M5(/i)c(r+l,r+2,... 



+ u'^{h)ks'yjn"'^'{l, n)us{h)c (s— 1, s— 2, . . . , r) 
Everything except for the s = m + 1 term of the second term in the square 
brackets of the final double sum is cancelled by the first two double sums in 
(3.98). This leaves only 



S = — y^ u {h)K§A^{rn,n)K^^{l,n)u^{h)c{rn,rn+l, . . . ,s) 

s=m-\-l 
m—l 

+ 2_^^ ih)K,gj{m+2,n)R^'~^{l,n)u^{h)c{m,m—l, . . . ,r) (3.99) 

r=l 
m,— 1 

+ Z w^(^)(^m+i)77/«^^(l, n)us{h)c (m, m-1, . . . , r). 

r=l 
The third line of (3.99) may be combined with the second line by extending 

K,{m+2,n) to K,{m+l,n). We then transpose the order of the matrix multiplica- 
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tion and use (A. 6) to achieve 

n 

5= 2, u'^{h)K.yAf(l,m—l)R'^ (m,n)us{h)c{m,m+l, . . . ,s) 

m— 1 



'="'^' (3.100) 



— y^u'''{h)K-y^{l,m)K^ {m+l,n)us{h)c{m,m—l, . . . ,r). 



r=l 



A comparison of (3.100) with (3.93) shows that the contribution from S exactly 
cancels the contribution from the two remaining single sums appearing in X. 



3, we hi 


ave 






X{1,.. 


.,m*,.. 


, .,n) 


A-2 



v^ Y^ {r\h\s} 

{h\l,...,m-l,\h){h\m+l,...,n\h) ^^ ^^ (r s) ''^^'"' ' ' ' ' ^^' 

(3.101) 

proving the ansatz (3.70). 



IV. LIKE-HELICITY GLUON PRODUCTION 

In this section we present the computation of the process (1.1) for the 
case where all of the gluons have the same helicity. We begin by examining the 
currents which must be sewn together to form the amplitude for (1.1). We will 
see that the modified gluon current discussed in the previous section arises in a 
natural manner within this context. After evaluating the color factor and the 
sub-leading contribution in -^, we engage in a lengthy discussion of the main 
contribution. In spite of a very complicated starting point, we will end up with 
a relatively simple final result, in agreement with Mangano [6]. 

4.1 Preliminary considerations 

Figure 1 illustrates the form of the tree-level Feynman graphs contribut- 
ing to (1.1). In terms of the currents introduced in the second and third sec- 
tions, we see that it consists of two quark currents, two antiquark currents, and 
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a gluon current with two off-shell gluons. It is convenient to define a current 
{r?)ji{p; 1, . . . ,n;p') consisting of a quarlc line, n on-shell gluons, and one off- 
shell gluon. With all momenta directed inward, this current has an antiquark of 
momentum p and color index j, a quark of momentum p' and color index i, n 
on-shell gluons with momenta kg and color indices ai, and an off-shell gluon of 
momentum —p — K,{l,n) — p', Lorentz index C, and color index x. We do not in- 
clude the propagator for the off-shell gluon in the definition of {r?)ji. According 

to this definition we have 
{q)j,{p;l,...,n;p') = 

V- ^ i'jk{p-A,---,s) i . ] i!^i{s+l,...,n;p') (4.1) 

= 2. 2. Ji [-^^(TW7cJ ^^37)^ ■ 

V{l...n) s=0 ^ '' 

Insertion of the color factorizations (2.19a) and (2.22a) into (4.1) produces the 

form 

{r^)ji{p;l,...,n;p') = 

n 

= -^^"+' Y. J2^m,4T''^[s+l,n])ji (4.2) 

P(l...n) s=0 

We now turn to the current with two off-shell gluons. From (2.7a) we 

know that 

Jf(0,l,...,n) = 

= 2(?" Y, tr{Q[0,n]T^)J^{0,l,...,n) 

r{0...n) (4.3) 

n 

= 2^" E Y.^r{Q[l,s]T''m[s+l,n]T'^)J^{l,...,s,0,s+l,...,n). 

P{l...n) s=0 

To obtain a formal expression for the current with two off-shell gluons, we dif- 
ferentiate (4.3) with respect to the polarization vector of gluon number and 
restore its propagator: 

= 2^"iJ E J2^rin[l,s]T'n[s+l,n]T-)-^—Ml,...,s,0,s+l,...,n). 
"0 rii...n) s=o ^^^^' 

(4.4) 
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Let us denote by A4^^g{p,q; 1, . . . ,n;p',q') the amplitude for the process 
represented by Figure 1. Putting the pieces together, we write 

MZ{p,q;l,...,n;p,q') = 



n n ^ 



VI 
V(l...n) v=Ow^v 



x-^ir^-f{p;v+l,...,w;p') 
[w—vy. 

ir^^)M{q;w+l,...,n;q), 



(4.5) 



(4.6) 



{n—w)l 
where momentum conservation tells us that 

ko = q + K,{w+1, n) + q 

= —p — k{1,w) — p' . 
We are able to evaluate (4.5) in the case where all of the radiated gluons 
have the same helicity. Since the methods illustrated below handle all three of the 
possible quark- ant iquark helicity combinations with no extra complications, we 
select the amplitude with two right-handed quark lines for further study. Clearly, 
this helicity combination will involve ip^{q^', {w+1)^, . . . , s+) for various values 
of s, as implied by the form of (4.2). However, we know from (2.25) that this 
current may be made to vanish for n > 1 by the gauge choice h = q. Thus, the 
sum on s in (4.2) may be replaced by a single term: 

{r^')ki{q-;{w+l)+,...,n+;q'+) = 

V{w+l...n) 

(4.7) 
Unfortunately, the same reduction is not permissible on the other quark line. 
Once h = q is chosen for one of the currents, consistency forces us to choose 
h = q in all of the other currents, since individual terms in the sum (4.5) are not 
gauge-invariant even though the sum as a whole is. 
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Combination of (4.2), (4.4) and (4.7) with (4.5) produces 
Mi^,{p-,q-;l+,...,n+-p'+,q'+) = 



n n V w 



V{l...n) v=Q w=v u=0 t=v 

X {Q[v+1, t]T^fi[t+l, w]y\T'Q[w+l, n])k£ 



(AA 



X 



A;2 9eC(0 



+^ 



X 4^{p-; {v+l)+, ..., t+)7^V^((t+l)+, . . . , w+;p'+) 

X '^{<l~h'''^{{w+l)^ , . . . , n+; g'+). 
The multispinor replacement rules (A. 22) tell us that this is equivalent to 

•^h(p", ?"; 1^, • • • , n+;p'+, q 



n n V w 



■P(l...n) "0=0 w^'y u=0 f=iJ 

X (f][t;+l, t]T^fi[t+l, u;])^-^'(T^fi[u;+l, n\)u 



(4.9) 



X r{v-\ (^^+1)+, • • • , t+)r ((t+i)+, . . . , t^+; / 

x^^(g-)V'^((u;+l)+,...,n+;g'+). 
From (2.17b), (2.24a), (2.26), and (2.27) we see that 

V;''(g-)^^((u;+l)+,...,n+;g'+) = 

(- V2)'^-"'M^(g) [/t(w+l, n) + g']^'^M^(g) (4- 10) 



(g|w+l, . . . ,n|g') 
We may use the Weyl equation to add (f^ to the expression in square brackets 
in (4.10). But then we have 

i,\q-)i,^{{w^l)\ . . . , n+; g'+) = (-^2)— , ^""^f^'^^'^f A 

(g|w+l,...,n|g') .^ ^^. 



(gjw+l, . . . ,n|g')' 

where X^^(0*) is precisely the type of "generalized" polarization spinor intro- 
duced in the last section (c/. equation (3.7)). With this identification made, we 
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see that equation (4.9) tells us to take the usual gluon current, remove the polar- 
ization spinor for the gluon labelled by "0", and replace it with a "generalized" 
polarization spinor, with /cq 7^ 0. The result is exactly the modified gluon current 
discussed in the previous section. Hence, 

n n V w 
V{l...n) v=0 w—v u=0 t=v 

X {n[v+l, t]T^f][t+l, w]y^{T'n[w+l, n])k£ 

X -2Xad(l+, . . . , M+, 0*, iu+l) + , ...,V+) 

X r(p-; (^^+1)+, . . . ,t+)r ((t+i)+, • • • ,t^+;p'+) 

X (-v^)"-™— i — . 

(g|w+l, . . . ,n|g') 

Inserting the appropriate expressions from section 2 for the remaining quark 
currents gives us 



(4.12) 



n n V w 



V{l...n) v=0 w—v u=0 t—v 

X {Q[v+l,t]T^Q[t+l,w]f{T'Q[w+l,n])k£ (4.13) 

X -2X«d(l+, ...,«+, 0*, (m+1)+, ...,v+) 

{-V^T'^'ip q)u''{p)[R{t+l,w) + p'ff^upiq) 
{p\v+l, ..., t\q) (g|t+l, . . . ,w\p') (g|w+l, . . . , n\q') ' 



4.2 Evaluation of the color factor 

We turn our attention to the color factor in (4.13), which reads 
eg = tr(f][l, u]T'n[u+l, t;]T^)(fi[t;+l, t]T^fi[t+l, w]yJ{T'n[w+l, n])M 

= (fi[l, u\T'n[u+l, vJf^iT'niw+l, n])M 



(4.14) 
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In order to evaluate C^^, we only need to know the completeness relation for 
SU{N), as given by (2.4). Evaluating the (implicit) sum on x gives 

eg = l-{n[v+l,t]Q[l,u]T'n[u+l,v]n[t+l,w]f{T'n[w+l,n])M 

2 (4.15) 

-—tr{n[i,u]T'n[u+i,v]){n[v+i,w]y^{T'n[w+i,n])M. 

The second term in (4.15) contains a trace. Since the trace is invariant under 
cyclic permutations, we may extract a factor 

J2 ^ad(l+, ■■■,u+, 0*, iu+l)+, ...,v+)=0, v^O, (4.16) 

C{0...v) 
from the permutation sum in (4.13). Equation (4.16), the form of (2.11b) satisfied 
by the modified current, tells us that there is no contribution to the amplitude 
from this term, except perhaps at f = 0. When v = 0, however, the trace contains 
just a single color matrix, 

tr T' = 0. (4.17) 

Hence, the only non- vanishing contribution to (4.15) is generated by the first 
term and we may write 

eg = ^{Q[v+l,t]Q[l,u]yP{Q[u+l,v]Q[t+l,w]y^ 



(4.18) 



X in[w+l,n])riiT')p,{T')kr 

= -(f^[t;+i, t]n[i, u]n[w+i,n]yg{n[u+i, v]n[t+i,w])k^ 

- ^(^b+l, tMh v]n[t+l, w]f{n[w+l, n])ke, 

where we have performed the sum on z to obtain the second line. Notice that the 
jj term in (4.18) is independent of u. Thus, the sum on u appearing in (4.13) 
reads 

J2^aa{l+,...,u+,0*,{u+l)+,...,v+) = 0, vj^O, (4.19) 

w=0 
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according to (2.11c). Thus, we see that the only term which gives a contribution 
has V = 0, producing 



eg = -{n[v+i,t]n[i,u]n[w+i,n])\{n[u+i,v]n[t+i,w])k^ 



(4.20) 



We now insert (4.20) into (4.13), yielding 



M'j^Jp-,q';l+,...,n+;p'+,q'+) 



n n V w 
P(l...n) v^O w=v u^O t^v 

X {n[u+i,v]n[t+i,w])k^ 

X -^J^^(l+ M+, 0*, (m+1)+ t;+^ 

k, 



X 





(-V2)^~^(p g)M"(p)[/t(t+l,w) +p']^/^M^(g) 
{p\v+l, . . . , t|g) (g|t+l, . . . ,w\p') {q\w+l, . . . , n\q') 



(4.21) 



P(l...n)w=Ot=0 

(-V2)"(p q)u'^{p)[R{t+l,w) + p'ff^upiq) 
(p|l, . . . , t|g) (g|t+l, . . . , w\p') {q\w+l, . . . , n|g') ' 



4.3 Evaluation of the 1/A^ contribution 

The simplest piece of (4.21) to evaluate is the -^ contribution, which we 
will denote by Ai^. Inserting the explicit form (3.7) for X(0*) produces 

n w 
V(l...n)w=Ot^O f4 22) 

^^ 1 (pg)V(g)A:o^a[/t(t+l,^;)+p^]"%(g) 

A;2 (p|l,...,t|g) (g|t+l,...,w|p') (g|w+l, . . . , n|g') ' 
We note that the color factors are independent of t. In order to do the 

sum on t in as compact a manner as possible we employ the following mnemonic 

device. We write the implicit k, sum appearing in (4.22) as an explicit sum: 

w+l 

[K{t+l,w)+p'fP = Y, kf, (4.23) 
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with the understanding that when s = w+1 we write p' instead of k^+i- The 

same kinds of considerations allow us to write 

1 (t t+1) 1 

{p\l,...,t\q){q\t+l,...,w\p') {t\q\t+l){p\l,...,w\p') 

for all values of t. In (4.24) we have the additional stipulation that when t = 

we should write p rather than /cq. As a result, we do not have to spend the 

extra time to consider the endpoints of the summation separately, provided that 

we take care to follow the pattern set by (4.23) and (4.24). At first glance, this 

procedure may sound ad hoc; however, it is well-defined and always follows the 

pattern just outlined: when joining two denominator "strings", the correct value 

for "out of range" summation variables {i.e. those which are not included in the 

range of gluon momenta represented in the "string" ) is determined by the quark 

momentum appearing at the corresponding end of the "string" . Since this type 

of structure occurs many times in this calculation, the savings generated by this 

trick is considerable. 

Using (4.23) and (4.24), we see that (4.22) contains 

"" ™+' (tt+1) 



^5 - E E 7b7Tn"'(^)^o^^^'''"^(^) 

w+1 s — 1 , _. , 

= J2Y1 ^^^^^«^(9)^07dM"(A;.)(s g), 



(4.25) 



where we have interchanged the order of the summations and used (A. 11) to 
obtain the second line. We may perform the sum on t using (A. 16) to obtain 

replacing kt=o with p as described in the previous paragraph. Cancelling the 
common factor of {s q) from (4.26) allows us to do the remaining sum: 

^5 = j^v?{q)kQ^a[K{l,w) +pf %(p). (4.27) 
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The Weyl equation permits us to add p"^ to the sum in (4.27) for free. But, 



according to (4.6), the resuhing sum is just — A^n • Thus 



0-5 



— ru'^{q)koyakQ^Ui3{p) 



where we have used (A. 6). Putting (4.28) back into (4.22) gives 



M, = —{-gV2r+' E J2(^[l,w]fmw+l,n])ki 



r{i...n)w^o ^^29) 



{pqf 



{p\l, . . . ,w\p') {q\w+l, . . . ,n\q')' 

4.4 Evaluation of the iV-independent contribution 

The iV-independent contribution to the amphtude comes from the first 
term in (4.21). The seemingly complicated nature of the color factor appearing 
in this term suggests that the labelling scheme for the gluons appearing in Figure 1 
is not optimal for this contribution. Instead, to obtain a simpler expression, we 
use the labels suggested by Figure 2. This makes the A^-independent contribution 
read 



M'Mp^,q~;l+,...,n+;p'+,q'+) 



Th Th Th Th 

P(l...n) &=0 c=b d=c e^d 

1 (4.30) 

X -2 Jad((Hl)+, . . . , c+, 0*, (rf+l)+, . . . , e+) 

(-v^)"+^-^+'^-^(p q)u^{p)[R{e+l,n) + p'f^up{q) 
(p|l, . . . , h\q) (g|e+l, . . . , n\p') (g|c+l, . . . , d\q') 

where the new limits are most easily obtained by examining Figure 2. The 

momentum of the zeroth gluon now reads 

kQ = q + q + K{c+l,d) 

(4.31) 
= —p — k{1^ c) — K{d+1^ n) — p' 
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Because the explicit form of the modified gluon current depends on the 
location of the gluon labelled by 0*, we write this term as the sum of four con- 
tributions, li c = b and e = d, then X(0*) appears: 

n n 
P{l...n) &=0 d=b /^ 22) 

^ 1 {~V2r{pq)u^{p)Iac.{0*Md+l,n)+p'f^up{q) 
^ q {p\l,...,h\(l)W+l.....n\p'){q\h+l,...,d\q') 

This term corresponds to single gluon exchange. Next, we write the terms that 
have 0* as the first of multiple arguments of 1. These are the remaining c = b 
contributions: 

n— In— 1 n 
V{l...n) &=0 d=b e^d+1 

x-^Xad(0*,(rf+l)+,...,e+) (4-33) 

Kq 

(-\/2)"+^"^(j9 g)M"(p)[/t(e+l,n) +p']"%(g) 
^ (p|l, . . . , b\q) (g|e+l, . . . , n\p') {q\b+l, . . . , d\q') ' 

Note that we start at e = d + 1 and adjust the b and d summation ranges 

accordingly, since e = d (with c = 6) is already given in (4.32). The third piece 

contains multiple-argument X's that have 0* appearing last. These are the e = d 

contributions not accounted for in the previous two terms: 

n—l n n 



M^^-ig^^^ Y.Y.Y. E(^[i'^])V^[^+i'^]) 

V{\...n) 6=0 c=b+l d=c 



k' 



x-^X«a((&+l)+,...,c+,0*) (4-34) 



X 



;-V2)"+^-=(p g)M"(p)[/t(rf+l,n) +p']"%(g) 



(p|l, . . . , b\q) (g|rf+l, . . . , n\v') (g|c+l, . . . , rf|g') ' 
The sum on c begins at 6 + 1 since c = b (with e = d) appears in (4.32). As a 
consequence, the range of b must be adjusted. In all of the remaining terms, 0* 
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is neither the first nor the last argument of X: 

n— 2 n— 1 n—1 n 

M,^-zg^+' E E E E E im,d])\{n[d+l,n])k^ 

•P(l...n) &=0 c=b+l d^c e=d+l 

X -^Jad((&+1) + , . . . , c+, 0*, (rf+l) + , . . . , e+) 

(p|l,...,6|g)(g|e+l,...,nb0(g|c+l,...,rf|g') 

(4.35) 

Once more we have adjusted the summation ranges to avoid contributions aheady 

accounted for. We will evaluate each of A^i through M.4 in order. 

4.4.1 Evaluation of Mi 

We insert the expression (3.7) for X(0*) into equation (4.32) to obtain the 
contribution from A^i: 



Mi = ^i-9V2r+' E EE(^[i'^])^^(^i^+i'^]V 

V{l...n) &=0 d=b 
v2 



1 (pq) u"'{q)kQaa[K{d+l,n)+p']'^f^up{q) 



(4.36) 



kl (p|l, . . . , b\q) {q\b+l, . . . , d\q') {q\d+l, . . . , n\p') ' 
Using (4.31) with c = 6 we see that the numerator in (4.36) reads 
M = u''{q)koaaW+l,n)+p'f%{q) 

= -«"(?) [P + <l, b) + K{d+l, n) + p'UW+l, n) + pf'upiq) (4.37) 
= -«"(?) [P + '^(1, b)]aaW+l, n) + pf^upiq), 
where we have used (A. 6) to extract a term [K{d+l,n) +p']'^{q q) = 0. Inserting 
(4.37) into (4.36) and interchanging the order of the summations produces 

n d 



Mi = li-gV2r+' E EE(^[i'^])V^[^+i>^]V 



X 



P(l...n) d=0 6=0 

{ P g)V(g)[p+ /t(l,&)]^A[/t(rf+l,n) +p']'^0upiq) (4.3^ 
{p\l,...,b\q){q\b+l,...,d\q'){q\d+l,...,n\p') 
1 



[g + g' + /t(6+l,rf)]^ 
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No further simplification of A^i is possible because the propagator depends on 
both b and d. 

4.4.2 Evaluation of M2 

Equation (4.33) for M2 contains J(0*, ((i+l)+, . . . , e+) for e > d + 1. 
Application of (3.46) and (3.47) produces 

n— 1 n— 1 n e 

P{l...n) b=0 d=b e=d+l y=d+l 

{p g) V(g) [h + K{d+l, e)]aa[f^{e+l, n) + p']"%(g) 



X 



(p|l, . . . , b\q) {q\b+l, . . . , d\q') {q\d+l, . . . , e\q) (g|e+l, . . . , n\p') 
X c{0,d+l,...,y). 



(4.39) 



We begin by observing that 

M^(g)[A;o + /t(c?+l,t/)]^^A;;j'^M5(g) 
c(0,d+l,...,|/) - 



[A;o + n{d+l, i/-l)]2 [A;o + n{d+l, i/)]2 
^ ^•^(g)[gV + K(Hl,y)]^^fcytx^(g) (4.40) 

[q+q' + k(6+1, i/-1)]2 [q+q' + /t(6+l, |/)]2 

= c(g+g',6+l,...,|/), 
as defined by (3.48) and in accordance with (4.31). The numerator of (4.39) may 



be written as 

M = u''{q)[ko + K{d+1, e)]aaHe+l, n) + p ]"%(g) 

= w"(g)[g + q' + <b+l, e)]ad[«:(e+l, n) + p']"%(g). 
We use (A. 6) and momentum conservation to rewrite (4.41) as 

M = w"(g)[g + q' + K{b+l,n)+p'U[R{e+l,n) +p']"%(g) 

= -u''{q)[p+K{l,b)U[R{e+l,n)+pf%{q). 
Inserting (4.40) and (4.42) back into (4.39) yields 

n— 1 71—1 n e 

-t 



(4.41) 



(4.42) 



M2 = ^i-9V2r+'J2 EE E E im,d])\md+i,n]), 



■ 1 — 1 1 \/ A^ } 7 7 7 7 7 \<\Li\\.\i,\\t)\<\L,\\i, ~r~ I . 1 1,\ } 1^ 

P(l...n) fo=0 d=b e^d+1 y=d+l 
2 



X 



{p q) u'^{q)[p + K{l,b)]a6XK{e+l,n) +j9']"^M^(g) 



(p|l, . . . , b\q) (g|6+l, . . . , d\q') {q\d+l, ..., e\q) {q\e+l, . . . , n\p') 

X c{q+q',b+l,...,y). 

(4.43) 
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At this stage we may perform the sum on e. Isolating the e-dependent 
portion of (4.43) we have 

n e n+1 , _. , 

E E E jl£^-^rM.). (4.44) 



where A;^ is understood to mean q and kn+i really means p'. The factor , | j^ A 
allows us to write {q\d+l, . . . , n\p') in the denominator of 7Vl2- Interchanging the 
order of the sums and using (A. 16) produces 

n n+1 /-I , , 

--E E E(|^'-'^(*/)(/.) 

j/=d+l /=y+l e=j/ \ 1^1 / 

n n+1 , „, 

= E E J[i7)"'(*/'<^ "> f^-^^* 

2/=d+l/=y+l \yi'^l''/ 
n 

When we insert (4.45) back into (4.43) and re-order the sums, we obtain 

n— 1 d n 

(p qfu''{q)[p + K{l,h)]^^[K{y+l,n) +p'fPup{ky) (4.46) 



V{\...n) d=0 fe=0 j/=d+l 

v2 



X 



(p|l, . . . , 6|g) (g|6+l, . . . , d\q') (g|rf+l, . . . , n|p') 



X -c(g+g',6+l,...,i/). 

Let us examine some of the factors in (4.46), namely the combination 

S2 = rix"(g)[p + /€(!, b)]aaHy+l, n) + pfPup{ky)c {q+q', 6+1, ...,y). 

(4.47) 
Supplying the definition of c from (3.48) yields 

^ _ ^"(g) [p + /t(l, 6)]aA[/t(i/+l, n) + p1"^\^^[g + q' + Kjb+l, y)f^u^{q) 
"^ ~ [q + q' + K{b+l,y-l)]'^ [q + q' + K{b+l,y)]'^ ' 

(4.48) 
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We may rewrite the numerator appearing in (4.48) as a combination of terms 
containing perfect squares. The key ingredients are using the Weyl equation 
to extend or shorten sums as appropriate, applying momentum conservation to 
factors, and adding zero (cleverly written) to various factors. For example, using 
the Weyl equation to write K,{y,n) for K,{y+l,n) and writing 

ky=[q + q' + K{b+1, y)] - [q + q + k(6+1, y-l)] (4.49) 

produces 

M = u'^iq) [p + Kil, b)U['^iy, n) + pf^ky^^iq + q' + «:(6+l, y)f^u^iq) 

= [q + q' + Kib+1, t/)]2 w"(g) [p + /.(I, b)U[Kiy, n) + pf^u^iq) 

-u''(q)[p + ^(l,b)U[f^iy,n)+p'f'' 

x[q + q' + K{b+l,y-l)]p^[q + q' + K{b+1, y)f^u^{q). 
Momentum conservation lets us write 

-[K{y,n) + p'] = [p + K{l,b)] + [q + q' + K{b+l,y-l)], (4.51) 

yielding 

Af2 = [q + q' + f^ib+l, y)fu^iq) [p + «(1, b)U[Riy, n) + pf %(g) 

+ [p + k(1, 6)]2 M-(g) [q + q' + /.(fe+l, y-l)]^p[q + q' + k(6+1, y)pu^{q) 

+ [q + q' + K{b+l, y-l)f u^{q) [p + «:(1, b)]^^[q + q' + R{b+l, y)]i'^u^{q). 

(4.52) 



(4.50) 



Finally, we use momentum conservation on the factor [q + q' + R{b+l^y)Y^ ap- 
pearing in the third term and shorten some of the momentum sums by extracting 
pieces proportional to (g q). The result of this manipulation is 

M2=[q + q' + K{b+l, y)f u^{q) [p + /.(I, b)U[R{y, n) + p'^u^iq) 

-[q + q' + K{b+l, y-l)f u''{q) [p + k{1, b)]^^[R{y+l, n) + p'f^u^{q) 

+ [p + k{1, 6)]2 u^iq) [q + q' + Kib+l,y-l)]^fk^^u^iq), 

(4.53) 
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where we have grouped the terms in a suggestive manner. 



When (4.53) is inserted into (4.48), we observe that there are denominator 
cancellations in the first two terms, and that the third term contains a factor of 



c{q+q',b+l,...,y): 



u'^{q)[p + K{l,b)]aa[K{y,n) + p']'^'yu^{q) 
[q + q' + K{b+l,y-l)f 

u^iq)[p + Kil,b)]^^[Kiy+l,n)+pf^u^{q) 
[q + q' + K{b+l,y)]'^ 
+ [p + K{l,b)fc{q+q',b+l,...,y). 



(4.54) 



Combining (4.54) with (4.46), we notice that the terms grouped in brackets may 



be immediately summed over y, giving 



n— 1 d 
P{l...n) d=0 b=0 



X 



X 



{pqY 



(p|l, . . . , b\q) {q\b+l, ..., d\q') {q\d+l, ..., n\p') 
u^{q)[p + K{l,b)]^a[i^{d+l,n)+p'f^u^{q) 



[q + q' + K{b+l,d)]2 
u''{q)[p + ^{l,b)]^/^^u^{q) 
[g + g' + K(6+l,n)]2 

n— 1 d n 

-gV2r+'Yl EE E mhd]yMd+i,n])^ 

V{l...n) d=0 &=0 y^d+1 

{p qf[p + /t(l, &)]2 c jq+q', b+1, ...,y) 
{p\l,..., b\q) (g|6+l, . . . , d\q') (g|rf+l, . . . , n\p') ' 



X 



(4.55) 



The quantity in square brackets in the first contribution to (4.55) vanishes when 



d = n; hence, we may extend the sum to include that point. So, the result for 
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A^2 reads 



n d 



M2 = -^i-9V2r+' E EE(^[i'^])V^[^+i'^])^ 



P(l...n) d=0 6=0 



X 



(p|l, . . . , 6|g) {q\b+l, ..., d\q') {q\d+l, ..., n\p') 
1 



z 



[q + q' + K{b+l,d)]'^ 

n d 

r{l...n) d=0 6=0 
{p qfu''{q)[p + K{l,b)]^^p''^"fuj{q) 



(4.56) 



X 



(p|l, . . . , 6|g) (g|6+l, . . . , d\q') {q\d+l, . . . , n|pO 
1 



I 



k' 



[p + p' + /t(l,6)]2 

n— 1 d n 

V{l...n) d=0 6=0 y=d+l 

^ {p qfjp + /t(l, &)]2 c (g+g^ 5+1, . . . , y) 

(p|l, . . . , b\q) {q\b+l, ..., d\q') {q\d+l, ..., n\p') ' 

Note that the first term in (4.56) exactly cancels the contribution from TWi (c/. 
equation (4.38)). 

4.4.3 Evaluation of Ms 

Equation (4.34) for M3 contains J((6+l)+, . . . , c+, 0*) for c > 6 + 1. Ap- 
plication of (3.46) and (3.73) produces 



n— 1 n n c 



k' 



Ms = --i-9V2r+' E E E E E m,d])\md+i,n]) 

P(l...n) 6=0 c=6+l d=cy=b+l 

{p g)V(g)[A;o + K{b+l,c)]^a[f^id+l,n) +p']'^%(g) 



X 



(p|l, . . . , b\q) {q\b+l, . . . , c\q) (g|c+l, . . . , d\q') {q\d+l, . . . , n\p') 

X c{0,c,c-l,...,y). 

(4.57) 
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The numerator of (4.57) contains 

Afs = M"(g)[A;o + K{b+l,c)]aa[t^id+l,n) + pff^upiq) 

= u'^{q)[-p - k{1, c) - K{d+1, n)-p' + K{b+1, c)]aa[t^{d+l, n) + p'f^up{q) 

= -u''iq)[p + Kil,b)U[Kid+l,n)+p'f%iq), 

(4.58) 

where we have used (4.31) for /cq and shortened the sum in the first factor by 

using (A. 6) to remove [K{d+l,n) +p']^ {q q) = 0. We note in passing that 

c (0, c, c-1, ...,y)=c {q+q', d, d-1, ...,y). (4.59) 

Inserting (4.58) and (4.59) back into (4.57) and re-ordering some of the sums 
produces 

P{l...n) d=l y=l 6=0 c=y 

{p qfu''{q)[p + K{l,b)]aa[K{d+l,n)+p'ff^Up{q) 
^ (p|l, . . . , b\q) {q\b+l, . . . , c\q) {q\c+l, . . . , d\q') {q\d+l, . . . , n\p') 

X c{q+q',d,d-l,...,y). 

(4.60) 

The sum on c appearing in (4.60) is almost trivial. Applying (A. 16) produces 

n d y—1 

V{l...n) d=ly=l 6=0 
{pqfu''{q)[p + K{l,b)]^aW+l,n)+p'f'^Up{q) (4.61) 



X 



(p|l, . . . , b\q) {q\b+l, ..., d\q') {q\d+l, ..., n\p') 
—c{q+q,d,d-l,...,y). 



The key factors in (4.61), 

6=0 a=0 \ lyi T / 

are summed following the procedure used on a2 (c/. equations (4.44)-(4.45)). 
The result is 

a3 = -^U^{ky)\p + K{l,y-l)]aa. (4.63) 
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Inserting (4.63) into (4.61) results in 

n d 



Ms = ^{-9V2r+' E E E (^11' dWMd+l, n]), 



I ( J V Zj J 7 7 7 \ A L<\ i . 1l,\ i /1\ A L<\U, —I— i . I /,\ ] U 

V(l...n)d=ly^l 
2 



^ {p qru^{ky)[p+K{l,y-l)U[R{d+l,n)+p'ff^up{q) (AM) 
{p\l,...,d\q'){q\d+l,...,n\p') 



-c{q+q',d,d-l,...,y). 



{y q) {q q') {q y) 

Momentum conservation allows us to split (4.64) into two contributions by writing 

{p + /t(l, y-l)]aa = -[/t(rf+l, n) + p']aa -[? + ?'+ f^iy, d)]aa- (4.65) 

The first term of (4.65) produces 



MsA^-k-gV2r^' E EE(^[i'^])^(^[^+i'^])fc' 



X 



V{l...n) d=l y^l 
{pqf[K{d+l,n)+pf (4.66) 



{p\l,...,d\q'){q\d+l,...,n\p') 

{y q') 



'- / /\ / cc{q+q',d,d-l,...,y), 

\q q) \q y) 

which we set aside for the moment. Later, we will find that this contribution is 
cancelled by a portion of M./^. The other term generated by (4.65) produces 

n d 



Ms^^-U-gV2T+^ E EE(^[l'^])V^M+l>^])fc' 



X 



X 



V{l...n) d=l y=l 

{p qfu''iky)[q + q' + KJy, d)]aa[Rid+l, n) + p'f^jq) (4.67) 
{p\l,...,d\q'){q\d+l,...,n\p') 

{y q') 



{y q) {q q') {q y) 

At this stage we would like to treat 



c{q+q',d,d-l,...,y). 



SsB = u'^iky) [q + q' + K{y, rf)]a«[/t(rf+l, n) + pTup{q) 

(y q') , (4-68) 

\y q) \q q) {q y) 
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in the same manner as S2. Thus, we insert the definition (3.48) of c into (4.68) 
to obtain 

u\q)[q + q' + K{y, d)]ggkf^''[q + q' + K{y+1, d)]c,aW+l, n) + p']^%(g) 



-3B 



[q + q' + K{y+1, rf)]2 [q + q' + K{y, d)f 



X 



{yq') 



{q q') {q y) 



We use 



ky=[q + q' + K.{y, d)] - [q + q + K.{y+1, d)] 



(4.69) 
(4.70) 



to rewrite the numerator of (4.69): 

A/'sB = u\q) [q + q' + K{y, rf)]^^^J"[g + q' + K{y+1, d)]aMd+l, n) + pf^upiq) 

= [q + q' + K{y, rf)] V(g) [q + q' + K{y+1, d)]saHd+l, n) + p']^%(g) 

-[q + q' + K{y+1, rf)] V(g)[g + q' + K{y, d)]gg[R{d+l, n) + pf %(g). 

(4.71) 



Thus, 



'-SB 



{yq') 



{q q') {q y) 



u\q)[q + q' + K{y+l,d)\ 
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[q + q' + K{y+l,d)f 
u\q)[q + q' + K{y,d)]s-S 



[R{d+l,n)+p'fPup{q). 



(4.72) 



[q + q' + n{y,d)Y 
It is useful to consider the sum on y pending in the expression for A^sb- 

All of the y-dependence is contained in H3B; the sum may be written as 

/(y+l)-/(t/) 



V" _ V {y q') 



(4.73) 



y^l 



with f{y) given by 



f{y)^ 



u\q) [q + q' + njy, d)]^^[K{d+l, n) + pf %(g) 
[q + q' + K{y,d)f 

Shifting the second sum by one produces 

^ ^ {y\q\q') ^ {q'\q\y+^) 



(4.74) 



(4.75) 
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The two terms in (4.75) may be combined using (A. 15), with the exception of 
the endpoints of the summation: 

^ ^ (i/kb+i) {d\qW) (g'|g|l) 

At this stage, we recall that the "natural" assignment for k^^i is q', according 
to the rules outlined in section 4.3. Thus, the second term in (4.76) may be 
absorbed into the first, giving 

i:=3B=-i:74f^/to+i)+M/(i)^ (4^77) 

^ ^ (i/lgb+i) imq') 

Before combining (4.67), (4.74), and (4.77), we note that the numerator of /(y+l) 
may be rewritten as 

u^{q)[q + q' + K{y+l,d)]gg[R{d+l,n) + p']^^up{q) = 

(4.78) 

= -u\q) [p + nil, y)]jKid+l, n) + pf%{q) 
by applying momentum conservation and (A. 6). Hence, our final result for TVIsb 
reads 

n d 



MsB = -k-9V2r^' E EE(^[i'^])^(^i^+i'^]V 



X 



X 



P{l...n)d=ly=l 
{p q) u°'{q)[p + K{l,y)]o,a[K{d+l,n) +pT^^/3(g) 

(p|i, • • • , y\q){q\y+'^, • • • , d\q') (gM+i, . . . , n\p') 

1 



[q + q' + K{y+l,d)] 



2 
n 



(4.79) 



V{l...n)d=l 

{p q) u'^{q)paa[h{d+l,n) + p']"^!^ u p{q) 
{p\l,...,d\q'){q\d+l,...,n\p') 

(1 q') 1 



X 



{l\q\q')[q + q' + K{l,d)] 



2' 
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4.4.4 Evaluation of M4 

We come at last to the final contribution, Ai^. As indicated by its def- 
inition (4.35), A44 contains X((6+l)+, . . . , c+, 0*, ((i+l)+, . . . , e+). As a conse- 
quence, it is the most complicated piece which must be dealt with. However, as 
we shall see, the procedure is straightforward and employs the same techniques 
already discussed. 

We start by inserting (3.46) and (3.70) into (4.35). After some regrouping, 
we obtain 

7-1—2 n— 1 n— 1 nee 

M,=^{-gV2r+'Yl E E E E E E(^ii'^])V^[^+i'^])fc' 

P{l...n) &=0 e=b+l d=e e=d+l y=h+l z=d+l 

^^ ip g)V(g)[/t(&+l,c) + fcp + /t(d+l,e)]ad[/t(e+l,n) +p^]^%(g) 
(p|l, . . . , h\q) (g|6+l, . . . , c\q) (g|c+l, . . . , d\q') 
C2(l/, ...,c,0,rf+l,...,z) {y\q\z) 



(4.80) 



(g|rf+l, . . . , e|g) (g|e+l, . . . , n\p') {y z) 

Equation (4.31) tells us that 

fi:(6+l, c) + fco + /s:(rf+l, e) = g + g' + fi;(6+l, e). (4.81) 

There are also the consequences of the "0" appearing in C2(y, . . . , c, 0, li+l, . . . , -z) 
to consider. First, note that the ranges {y, . . . , c} and {rf+l, . . . , e} always con- 
tain at least one element each. Hence, "0" is never the first or last argument of 
C2. Now recall that C2 is symmetric in all but its first and last arguments. As a 
consequence, we may replace the single argument "0" by the multiple arguments 
"g+g', c+1, c+2, . . . , d" implied by (4.31). Thus, 

C2(t/, . . . , c, 0, d+1, . . . , 2;) = C2(i/, . . . , c, g+g', c+1, . . . , rf, rf+1, . . . , z) 

(4.82) 

= C2(l/,g+g',l/+l,.-.,^), 
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where we have taken advantage of the symmetry in the arguments to obtain the 
last hne. Combination of (4.81) and (4.82) with (4.80) produces the following 
expression after interchanging some of the summations: 



TZ — 2 Tl — 1 TZ — 1 C Tl Tl 

P{l...n) b^O c=b+l d=c y=b+l z=d+l e^z 

{p g)\"(g) [q + q' + K{b+1, e)]ad[«:(e+l, n) + p']"%(g) 



X 



{p\l,...,b\q){q\b+l,...,c\q){q\c+l,...,d\q') 
C2{y,q+q',y+l,---,z) {y\q\z) 



{q\d+l, ..., e\q) {q\e+l, ..., n\p') {y z) 

(4.83) 

Consider the sum on e that appears in (4.83). We examine the following 

factors that appear in A^4: 

n / 1 \ 

a4e = V«"(g)[g + q' + n{b+l,e)U[-<e+l,n)+pf%{q) ;'' ^+ \ , (4.84) 

e—z \ 1^1 / 

which allows us to join {q\d+l, . . . ,e\q) to (g|e+l, . . . , n\p') with the understand- 
ing that kn+i is read as p'. Because of (A. 6) and the antisymmetry of the spinor 
inner product, we may extend the first sum in (4.84) to 

[q + q' + K{b+1, n) + p']a^ = -[p + «:(!, b)]aa. (4.85) 

Applying this to (4.84) and writing the remaining e-dependent K-sum explicitly 
produces 

n n+1 , ^v 

^4e = -E E ^"(g)[p+^(i,fe)Ufc?%(g) ;i I ^;, - (4.86) 

Interchanging the order of summation and applying (A. 16) as usual produces 

n+l /-I ^ , -.. 

^4e = - V y]M"(g)[p + /t(l,6)]adA:?^M/3(g) , I I ,-,v 
f=z+ie=z (e|g|e+l) 

~^ u''{q)\p+K{lMUHz,n)+p'fPup{k,). 



{z q) 
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X 



Inserting (4.87) back into (4.83) and rearranging the summations produces 

n— 1 d— 1 den 
P(l...n) d=l 6=0 c=b+l y=b+l z=d+l 

{P g) V(g) [P + <l, b)U[Riz+l, n) + pf^upih) 

|1, . . . , b\q) {q\b+l, . . . , c\q) (g|c+l, . . . , d\q') {q\d+l, . . . , n\p') 

(v q) 
X 7 rC2(|/, q+q', y+l, ...,z). 

(4.88) 
Equation (4.88) has only "trivial" c-dependence; we supply a factor A'l l, , A to 
join the corresponding pair of denominator "strings" and write 

d c n I ,-,\ d n d , ,_,, 

E>;-^ >;-^ (C C+1) _ >;-^ >;-^ >;-^ (c C+1) 



(c|o|c+l) -^^ -^^ -^^ (clfllc+l) 

c=6+ly=6+l2=d+l ^ ' ' ' y=b+l z=d+l c=y "• 1^' ' 



(4.89) 



,=6+i.=d+i -1^1^'^ 



Hence, AI4 becomes 

n— 1 d~l d 



M4 = ^{-9V2r+' E EE E E (fi[i,rf])^(^[rf+i,n])fc 



P(l...n) d=l b=0 y^h+1 z^d+1 

{p qfu'^iq) [p + k{1, b)]aa[t^{z+l, n) + p']"%(A;^) (4.90) 

X 



(p|l, . . . , b\q) {q\b+l, ..., d\q') {q\d+l, . . . , n\p') 

{yq') 



^C2iy,q+q',y+l,...,z). 



{y z) {q q') 
The sum on b in (4.90) may be performed as well. The relevant factors are 

d— 1 d n h /t t 1 \ 

-«-EE E E(e^""w*""<'. ("d 

b=Q y=b+l z=d+l a^Q ^ '^' ' 

where we have written the 6-dependent /t-sum as a sum on a, /cq = p. Interchang- 
ing the order of summation and applying (A. 16), we obtain 

d n y-l y-1 ,, , -., 

^46 = E E EE /5|q|5,n <g»)^^(^^) 

y=l.=d+la=0 6=a^ 1"^! > 

d n -. 

= E E -T—Tu''iky)[P + <l,y-l)]aa- 
y=l z=d+l ^^ ^' 
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At this stage, we have 

n— 1 d n 



M4 = ^i-gV2r+' E EE E m,d]ymd+i,n])k' 



X 



X 



■P{l...n) d=l y=l 2:=d+l 

{p\l,...,d\q'){q\d+l,...,n\p') 

{yq') 



{Qy){y z){q q') L 



c (g+g', y, y+l, . . . , ^) - c (g+g', y+l, I/+2, . . . , 2;) 

- c (g+g', ^, ^-1, . . . , y) + c (g+g', z-l, z-2, ...,y) 

(4.93) 

where we have made use of (3.57) and the symmetry properties of the c's to write 

out C2iy,q+q',y+l,...,z). 

In order to make further progress with equation (4.93), we must insert 

exphcit expressions for the c functions. Let us begin by defining 

n— 1 d n 

S4 = EE E u''iky)[p + <l,y-l)U[i^{z+l,n)+pf%{k,) 

d=l J/=l z=d+l 

{yq') 



X 



{qy){y z){qq') 



c (g+g', y, y+l, ...,z)-c {q+q, y+1, y+2, . . . , z) 

- c {q+q', z,z-l,...,y) + c {q+q', z-1, z-2, ...,y) 

(4.94) 



We have retained the sum on d since we will be adjusting its range at a later 
stage. It is understood that there are d-dependent factors appearing inside this 
sum, although they are not written out explicitly. In addition, we will designate 
the contributions from each of the four c-functions appearing in (4.94) by S4A, 
S4B, S4C;, and S4D respectively. 

Consider S4A. If we insert the definition (3.48), we get 

n— 1 d n / i\ / \ 

d^ly^lz=d+V^ ^'^^ /\y y / (4.95) 

[R{z+i,n) +p'f^k„34q + q' + '^iy^^)V''u^iq) 

[q + q' + K{y,z-l)]'^[q + q' + K{y,z)]'2 
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We now proceed to transform 



M^K = u''{ky)[p + K{l,y~l)]^^[K{z,n)+pff^k,i3^[q + q' + R{y,z)X^^u^{q), (4.96) 



the numerator of (4.95), using the same tricks outhned in the discussion of H2 (c/. 
equations (4.48)-(4.53)). As in that case, our goal is to produce a series of terms 
containing inverse propagator factors in order to cancel as many denominators 



as possible. The result of this series of manipulations is 



Ma =[q + q' + t^{y, z)]^ u'^iky) [p + k{1, y-l)]aa[R{z, n) + pf^upiq) 

-[q + q' + K{y,z-l)fu''{ky)[p + K{l,y-l)]c,a[f^iz+l,n)+p'f''u^{q) 



+ \P + k{1, y-l)f u'^iky) [q + q' + K{y, z-l)]ajkpUj{q). 



(4.97) 



Application of (4.97) to (4.95) yields 



{q' y){q z) 



n— 1 d n 

'4A = Z^Z^ Z^ lqy)ly z)(qq') 



X 



u^{ky)[p + K{l,y-l)]^^[R{z,n) +p'fPup{q) 
[q + q' + K{y,z-l)f 
u^jky) [p + Kjl, y-l)]^a[Riz+l,n) + p^]^%(g) 
[q + q' + K{y,z)f 

+ [p + K{l,y-l)\ 



[q + q' + K{y, z-l)]'^[q + q' + K{y, z)]2 



(4.98) 



Finally, we write (A. 14) in the form 



u-iky){qz)=u''{k,){qy)+u-iq){yz). 



(4.99) 
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to obtain 

n—l d n 



{q'y) 



X 



[q + q' + K{y,z-l)]'^ 
Wih) [p + n{l, y-l)]aa[n{z+l, n) + p'f%{q) 



[q + q' + K{y,z)y'^ 



+ [p + K{l,y-l)f 



u 



''{kz)[q + q' + K{y, z-l)]a^k2'^u^{q) 



[q + q' + K{y, z-l)]'^[q + q' + K{y, z)]'^ 



{q' y) 



{qy){qq') 



n—l d n 

d=l y=l z^d+1 

' u'^{q) \p + /t(l, y-l)]ca[^^{z, n) + p']°'l^up{q) 

[q + q' + Kiyy^z-l)]^ 

u^jq) [p + Kjl, y-l)]^^[K{z+l, n) + p'f^upjq) 

[q + q' + K.{y,z)f 

2 u'^i(l)[(l + (l' + i^{y,z-'^)]ajk2^Uy{q) 
+ \p + K{l,y-l)\ 



[q + q' + K{y, z-l)]'^[q + q' + K{y, z)]"^ 
We may use the same procedure to decompose S4B. The result is 

n—l d n I I \ 

"4B l^l^ l^ (yz){qq') 
d=l y=l z=d+l^^ /\y y / 



X 



u''{kz)[p + /t(l, y)]aa[R{z+l, n) + p'f/^upjq) 
[q + q' + K{y+l,z)]^ 
u^jk,) [p + /t(l, y)]aa[K{z, n) + p'f^upjq) 
[q + q' + K{y+1, z-l)]"^ 

- [p + t^{^,y)] 



2 u'^{kz)[q + q' + K,{y+1, z-l)]ajk2'^u^{q) 



[q + q' + K{y+1, z-l)]'^[q + q' + K{y+l, z)f_ 

{q'y) 



{qy){qq') 



n—l d n 
d=l y=l z=d+l 

"^"(g) [P + ^(1, y)]aa[>i{z+l, n) + p^]"%(g) 

[q + q' + K{y+l,z)]'^ 

u'^{q)[p+ K{l,y)]aa[K-{z,n) +pT^up{q) 



[q + q' + K{y+l,z-l)]'2 
[P+«(1,1/)] 



2 M"(g)[g + g' + /t(i/+l, z-l)]ajk2^u-y{q) 



[q + q' + K{y+1, z-l)]'^[q + q' + K{y+l, z)f_ 



(4.100) 



(4.101) 
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The remaining two contributions to S4 are processed in the same manner, but 

without the step corresponding to (4.99). Thus, we have 



-4C 



{q'y) 



n—1 d n 
d=l j/=l z=d+l 



{y z){qq') 



X 



[q + q' + n{y,z)]'^ 

^"(g)b + /t(l, y)]aA[/t(^+l, n) + p^]^%(A;,) 

[q + q' + K{y+l,z)]'^ 

\f.(z+l n) + ^n2 u''iq)kya^[q + q' + f^iy+'^,z)]'^^u^{kz) 
^^ ' ^ ^ [q + q' + K{y+l,z)nq + q' + K{y,z)]'2 



(4.102) 



{q'y) 



ri— 1 d n 

'4D = Z^Z^ 2^ lyz){qq') 

M"(g)[p + /t(l,t/)]ad[/€(2,n) +p']"^W/3(^2 



X 



[q + q' + K{y+l, z-l)Y 
u''{q)[p + K{l,y-l)]^^[K{z,n)+p'fPup{k,) 
[q + q' + Kiy.z-l)]^ 

^ ^ ' ' ^^ [q + q' + K{y+l,z-l)Y[q + q' + K{y,z-l)f 



(4.103) 



The contributions tabulated in equations (4.100)-(4.103) consist of terms 
containing either one or two propagator factors. Let us begin with the latter type 



of terms. Denote by "E/^a the two double propagator terms containing 
as a prefactor. That is. 



W y) 
(g y>(g 9') 



{q'y) 



n—1 d n 

'-^^ = 1^1^ 1^ lqy)lqq') 
d^iy=iz^d+i^^ y/\y y / 

X \p + K{l,y-l)] 



2 u''{q)[q + q' + K{y,z-l)]ajk2'^Uj{q) 



- [P + «(!,!/)] 



[q + q' + K{y, z-l)]'^[q + q' + K{y, z)]^ 

2 u'^{q)[q + q' + /t(y+l, z-l)]a^kT' u^{q) 
[q + q' + fi;(l/+l, z-l)f[q + q' + ^{y+l, z)]'^ 



(4.104) 



63 



Comparison with (3.48) shows that this is really 

d=l y=l z=d+l 
X 



-4a 



(4.105) 



[b + /^(l; y-^)?c (q+q, y, y+1, . . . , z) 

-[p + k{1, y)fc {q+q', y+1, y+2, . . . , z) 

If we were to shift the sum over y in the first term of (4.105) by one, both terms 
appearing in square brackets would be the same. Since the factor outside the 
square brackets also depends on y, we obtain instead 

{y+1 q') {y q') 



n—l d—1 n 

d=l y=l z=d+l 
n—l n 



{y+l\q\q') {y\qW) 



n-l n ,, /, 

-E E -uS\[P + <i,d)fc{q+q',d+l,...,z). 



[p+K{l,y)]\{q+q',y+l,y+2,...,z) 



d=l z^d+1 



{d\q\q') 



(4.106) 
The square brackets in the first contribution to (4.106) combine to form — , | ^ A 
using (A. 15). The second term vanishes, since p^ = 0. The final term is precisely 
what is required to extend the first term to include y = d, the proper interpreta- 
tion of kd+i in this context being q'. Thus, 

n—l d n j ^\ 

^4a = -EE E 7STTYb + '^(l,l/)fc(g+g',y+l,y+2,...,.). (4.107) 

d=ly=l2=d+l^^'^'^ ' 

Note that we may extend the sums to include d = y = since such a term is 
proportional to p^ = 0. Thus, the contribution to the amplitude from (4.107) 
may be written 

n—l d n 



M4a = ^{-9V2r+^ E EE E {m,d]y,md+iM)k^ 

V{l...n)d=0y^0z=d+1 (4.108) 

{p qf [p + /«(i, y)? c {q+q', y+l, ...,z) 



X 



(p|l, • • • , y\Q) (gb+l, • • • , d\q') {q\d+l, . . . , n\p') ' 



The contribution represented by (4.108) identically cancels the last term 
ing in A^2 (see equation (4.56)). 

Next, we turn to the double propagator contributions in (4.100) 
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appear- 

-(4.101) 



which have 



ilv) 



{y z){q q') 
n— 1 d 



Hb 



7Y as a prefactor. These two terms are 

{q'y) 



A^ A^ A^ (y z)(q q') 



[p + K{l,y-l)] 



2 u'^{kz)[q + q' + K{y, z-l)]ajk2'^u^{q) 
[q + q' + K,{y, z-l)]'^[q + q' + K{y, z)]'^ 



(4.109) 



- [P + /«(1,1/)] 



2 u'^ikz) [q + q' + /«(y+l, z-l)]ajk2^u^f{q) 



[q + q'+ K{y+1, z-l)]'^[q + q' + K{y+l, z)]"^ 
Because of the relations (A. 11) and (A. 21a), we may write 
u°'{kz)[q + q' + K{y, z~l)]a^kpu^{q) = 

= 2kz -[q + q + i^iy, z-l)] {z q) 

= {[q + q +f^iy,z)f - [q + q +f^{y,z-i)fj{z q). 

This produces 

{q' y){z q) 



(4.110) 



n— 1 d 



-46 



EEE 



[p + K{l,y-l)f 



X 



+ 



[q + q' + K{y,z)]'^ 
[p + n{l,y)f 



[p + K{l,y-l)f 
[q + q' + K{y,z-l)f 
[p+K{l,y)f 



(4.111) 



[q + q' + /€(t/+l, z)Y [q + q' + ^(y+l, z-l)]^ _ 
We set (4.111) aside for later cancellation. 

There are two double propagator terms not yet accounted for. These 

appear in equations (4.102) and (4.103). They are 

_ {q' y) 

'.V 
d=l y=l z=d+l 

X 



n— 1 d n 



{y z){qq') 



[K[z,n) -\- p J 



[q + q' + K{y+1, z-l)]'^[q + q' + K{y, z-l)]"^ 

r/ ,1 N, ,.2{qy)u^iky)[q + q' + k{y+l,z)]'y'yu^{k^y 
— [K,[z+l,n) + p \ 



(4.112) 



[q + q' + K{y+1, z)]'^[q + q' + K{y, z)]"^ 
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We break (4.112) into two pieces by applying (A. 14), written as 
u^{kz){qy) = -u^{ky){z q) -u^{q){y z). 



(4.113) 



Call the piece of (4.112) corresponding to the first term of (4.113) S^c and the 
remainder E^d- 

For S4c we have 

{q'y) 



n— 1 d 



^4c 



d=l y=l z=d+l 



{y z){qq') 



X 



,2 {z q)uA^{ky)[q + q' + K{y+l, z-l)]^^ u^{ky) (4.114) 
[i^KZ,n)+p\ y^^ q> ^ ^^y^^^^_^^Y[q + q' + K{y,z-l)]'^ 

+ [^,(^+1 n) + pf ^^ ^^^^(^2^) [q + q' + /^dz+i. ^)]^X(^y) 



[g + g' + n{y+l, z)Y[q + q' + K,{y, z)]'^ 
But, we may write 

UA^{ky)[q + q' + R{y+1, z-l)p'^u^{ky) = 

= 2ky[q + q' + K{y+l,z-l)] 

= [q + q' + K{y, z-l)]'^ - [q + q + K{y+l, z-l)f, 
giving us 



n— 1 d n I I \ I \ 

"4c l^l^ l^ {yz){qq') 
d=i y=i z^d+1^^ /\y y / 

/1 2 



[K{z,n) +p'] 



+ 



[/t(2;, n) + p'] 



/12 



[g + g' + /€(i/+l, z-l)]^ [g + g' + ^{y, z-l)f 
[K{z+l,n)+p'f [K{z+l,n)+p']'^ ^ 

[q + q' + K{y+l, z)f [q + q' + i^iy , z)Y 

This is another contribution which will be cancelled later. 



-4d 



The other piece of (4.112) is 

{q'y) 



n—1 d n 

YY T 

d=ly^lz=d+l^^ ^ ' 



X 



-[/t(z,n) +p] 



/1 2 



UA^{ky){q + g^ + /t(|/+l, z-\)Xi'^u^[(i) 
[g + g' + /€(t/+l, -2-l)]2[g + g' + /€(y, -z-l)]^ 



, r / ,T X , /i2 M7(A;y)[g + g' + K(i/+l,^)]^^M7(g) 

+ [fi;(2;+l,n) +pj 



[g + g' + /€(i/+l, 2;)]2[g + g' + /t(|/, z)f 



(4.115) 



(4.116) 



(4.117) 
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Since the two terms in the square brackets differ by 1 unit in z, and there is no 

other z-dependence, we may do the sum on z^ the result being only the endpoints: 



^(g'l/)[ r^.^^^ x^^/n2 M7(A;j/)[g + g' + /t(i/+l,rf)]^X(?) 






,2 UAi{ky)[q + q' + K{y+l,n)Yl'^u^{q) 

[q + q' + K{y+l,n)\^[q + q' + K,{y, n)]^ 

(4.118) 

Since p'^ = 0, the second contribution to (4.118) vanishes. In addition, note that 

we may add d = n to the sum appearing in the first contribution with no penalty 

since such a term is also proportional to p'^. Thus 



n d 

'4d = V V , ^\'f' M d+1, n) + pfc {q+q', d, d-1, ...,y), (4.119) 



where we have multiplied by j^-^ and used (3.48) to identify the factor of c. The 
contribution to A^4 that corresponds to (4.119) is 



M4d = ^{-9V2r^' E EE(^[i'^])v^[^+i>^])fc' 



X 



V{l...n)d=ly=l (4.120) 

q' y) {P qf [t^{d+l, n) + pfc {q+q', d, d-1, ...,y) 
{qq'){qy) {p\l, . . . ,d\q') {q\d+l, . . . ,n\p') 

which, exactly cancels the contribution from Ai^A given in equation (4.66) (recall 
that the spinor inner product is antisymmetric, {y q') = —{q' y)). 

Having finished with the terms containing two propagators, we turn to the 
remaining contributions with just one propagator. Let us begin with the terms 
proportional to , \/ /\ - These contributions come from (4.100) and (4.101) 



and comprise the following four terms: 
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-4e 



{q'y) 



{qy){qq') 



n— 1 d n 

d=l jy=l z^d+1 

- u^{q)[p + K{l,y-l)U[R{z,n)+p'f'^up{q) 
[q + q' + K{y,z-1)]'^ 
u''{q)[p + k{1, y-l)]aaHz+l,n) + p']"%(g) 



+ 



[q + q' + K,{y,z)]'^ 
u'^{q)[p + K{l,y)]aa[R{z+l,n) +p']'^^up{q) 

[q + q' + K{y+l,z)]'2 
u'^jq) [p + k{1, y)]aa[K.iz, Tl) + p'f^upjq) 
[q + q' + K{y+1, z-l)]"^ 



(4.121) 



The sum on z may be performed in (4.121) with the contributions from the 
interior points in the summation cancelling in pairs, leaving just 



^4e 



{q'y) 



n d 

YY 

^^^^{qy){qq') 



X 



«"(g)[p + ^{l,y-l)]aa[R{d+l, n) + pff^upjq) 

[q + q' + K,{y,d)]'^ 
_ u'^{q)[p + /t(l, y-l)]adp"^^ui3{q) 
[q + q' + K{y,n)]'^ 
u''{q)[p+ K{l,y)]aap"^^Ui3{q) 

[q + q' + K,{y+l,n)]'^ 
7/«(g) [p + Kjl, y)]ad[R{d+l, n) + p1"%(g) 
[q + q' + K{y+l, d)]'^ 



(4.122) 



We have added the term d = n to (4.122) since the quantity in brackets vanishes 
for that value of d. 



At this point, we see that there are pairs of terms in the square brackets 
that differ by one unit in y. However, the prefactor is not independent of y. 



Following the same procedure used in the discussion of S3B (c/. equations (4.72)- 



^Ae 
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(4.77)), we obtain 

" (1 q') u^{q)PaaP""^up{q) 

^(l\q\q') [p + pf 

'^'^ (4.123) 

y.y. jyy+l) u^{q)[p + K{l,y)U[R{d+l,n)+p'fPup{q) 

(1 q') M"(g)p«a[«:(rf+l,n)+p']"%(g) 



dlala' 



^^^(l|g|g') [q + q' + K{l,d)]^ 

The contribution to 7W4 from (4.123) is 

n d 



P(l...n)d=ly=l 
{p qf M"(g)[p + /t(l, y)]aaP"^^Up{q) 



1 



[p + p' + K{l,y)] 



2 

n 



P{l...n)d=l 

(1 gp {p q) u'^{q)padp"^^Uf3iq) 

^ (l|g|g') \p + p']2 (p|l, . . . , d\q') {q\d+l, ..., n\p') 

n d 

+ '-i-gV2r+' Yl YJ2(^i^^d])\{n[d+l,n]),^ (^.124) 

P{l...n) d=l y=l 



X 



{p q) M"(g)[p + /t(l,y)]ad[/t(rf+l,n) +p^]"^M/3(g) 
1 



[g + g' + /t(l/+l,rf)]2 



-<-gV2r+^ J2 J2(n[l,d]yMd+'^^n])k' 



V{l...n) d=l 

(1 q') {p qf u^{q)pc,a[R{d+l,n) + p^]^%(g) 
(l|g|g') (p|l,...,d|g')(gM+l,...,nb') 
1 



[g + g' + /t(l,rf)]2- 
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The third and fourth terms of (4.124) cancel A^sb in its entirety (see equation 



(4.79)). The first two terms of (4.124) have no compensating contributions. 



We collect the remaining eight single propagator contributions from equa- 



tions (4.100)-(4.103) and form 



-4/ 



{q'y) 



{y z){qq') 



u^ih) [p + Kjl, y-l)]^^[R{z, n) + p'rupjq) 
[q + q' + K,{y,z-l)]'^ 



+ 



n— 1 d n 

d=l y=l z=d+l 

u^{k,) [p + /t(l, y-l)]^^[R{z+l, n) + p'fl^up{q) 

[q + q' + Kiy^z)]^ 
u^{k,)[p + K{l,y)]^^[K{z+l,n)+p'fPup{q) 

[q + q' + n{y+l,z)f 
u^{k,)[p + K{l,y)]^^[K{z,n)+p'fPup{q) 
[g + g' + /t(l/+l,z-l)]2 

^"(g) [p + k{1, y)]a^[R{z, n) + p'ff^upjk,) 

[q + q' + K{y+l,z-l)]'^ 
u^{q) [p + k{1, y-l)]e,a[K{z, n) + p'fl^up{k,) 

[g + g' + /t(y,z-l)]2 
u"{q)[p + /t(l, y-l)]a4K{z+l, n) + p^]"%(A;,) 

[q + q' + K{y,z)]'^ 
7/«(g)[p + K{l,y)]ai,[R{z+l, n) + p'f^upjk, 
[q + q' + K{y+l,z)]'^ 



+ 



+ 



(4.125) 



The terms in (4.125) occur in pairs with common denominators. Note that in 



every pair, we have the form 



u 



\k,)X^^Y'^l'up{q) - u^iq)X,^Y''%ik, 



u^{k. 






up{q) 



(4.126) 



2X-Y{zq), 
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where X and Y are momenta and we have apphed (A. 3). If we use (4.126) on 
each of the four pairs in (4.125), we obtain 



n— 1 d 



-4f 



d=l y=l z^d+1 



W y){z q) 

{y z){qq') 



2[p + K{l,y-l)]-[K{z,n)+p'] 
[g + g' + K(l/,z-l)]2 



2[p+K{l,y-l)]-[K{z+l,n)+p'] , 2[p + /t(l,|/)]-Kz+l,n)+/ 

[q + q' + i^{y,z)f 
2[p + K{l,y)]-[K{z,n)+p'] 



[q + q' + K{y+l,z)Y 



[q + q' + K{y+l,z-l)f 

(4.127) 

Each of the four terms in (4.127) may be treated using momentum conservation. 

For example, momentum conservation tells us that 

[q + q + K{y, z-l)]"^ = [p + /t(l, y-l) + k{z, n) + pf 

= [p + K{l,y-l)]^+[K{z,n)+pf 



(4.128) 



+ 2[p + K{l,y-l)]-[K{z,n) 
When we apply (4.128) to (4.127), the resuh is 

n— 1 d 



p _ 



-4/ 



EEE 

d=l y=l z=d+l 
1- 

-1 + 

+ 1- 

-1 



[fi:(z, n) +p] 



'l2 



{q' y){z q) 

{y z){qq') 

[p + K{l,y-l)]^ 

[q + q' + K{y, z-l)f [q + q' + K{y, z-l)]"^ 
[p + K(l,t/-l)]2 ^ [i^^z+l^n)+pf 
[q + q' + K,{y,z)f [q + q' + K{y , z)f 
[p+K{l,y)]^ [K{z+l,n)+p']^ 



(4.129) 



[q + q' + K{y+l, z)]'^ [q + q' + K{y+1, z)]2 
[p+K{l,y)f , [K{z,n)+p'f 



[q + q' + n{y+l, -2-l)]2 [q + q' + K{y+1, z-1)]'^ _ 
The I's cancel among themselves. The remaining terms dispose of the contribu- 
tions from S45 and S4C (equations (4.111) and (4.116) respectively). 



4.5 Final considerations 

We now collect the surviving terms and combine them into the amplitude 
for the process (1.1). These terms are: the second contribution to 7VI2 (equation 
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(4.56)), the first two terms of Ai^e (equation (4.124)), and, of course, the -^ 
contribution Ai^ (equation (4.29)). Let us start by simphfying the remaining 
non--^ pieces, which read 

n d 



MT^k-9V2r+' E J2J2(^\-'^'d])\{Q[d+i,n])k' 



•P(l...n) d=0 6=0 

{p qfu''{q)[p + K{l,b)]^^p'f^'yuj{q) 

(p|l, . . . , b\q) {q\b+l, . . . , d\q') {q\d+l, . . . , n\p') 
1 



X 



[p + p' + fi;(l,6)]2 

n d 

'-i-gV2r+' J2 5^5^(fi[l,rf])V^[^+l>^])fc' 

r{l...n)d^ly=l (4.130) 

{p qf u'^iq)[p + K,{l,y)]aap"^^U(]{q) 



X 



X 



(p| 1, • • • , y\q) (gb+l, • • • , d\q') {q\d+l, ..., n\p') 
1 



2 
n 

U-gV2r+' J2 Y.(^[l,d])\{Q[d+l,n]h^ 



[p + p' + K{l,y)] 

( 
2 



X 



P(l...n)d=l 
(1 q') {p q) u'^{q)Padp'°'^up{q) 



{l\q\q') [p + p']2 (p|l, . . . , d\q') {q\d+l, ..., n\p') ' 
The first two contributions to (4.130) nearly canceh the remainder reads 



P{l...n)d^O 
v2 



{p q) u'^{q)paaP"^^Up{q) 

X. 



{p q) (g|l, . . . , d\q') {q\d+l, . . . , n\p') [p + p'] 



/12 



(4.131) 



+ ^{-gV2r+' J2 J2(n[i,d])\{n[d+i,n])k^ 

P{l...n)d^l 

(1 q') {p q) u'^{q)PaaP"^^Ui3{q) 1 

^ (l|g|g') (p|l, . . . , d\q') {q\d+l, ..., n\p') [p + pf ' 

The two terms in (4.131) have very similar structure, although the sum in the 

first contribution contains an extra term. Taking this into account and pulling 
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out 


common 


factors gives 




Mt 


4<- 


P(l...n) 
{pq) {qp){p' p)*{p' q) 



1 



{p q) {q q') (g|l, . . . ,n\p') {p' p){p' p) 
n 

'-{-gV2r+^Y. J2{Q[l,d]y,{Q[d+l,n])k' (4.132) 

V{l...n) d=l 
(p|l, . . . , d\q') {q\d+l, ..., n\p') {p' p){p' p)* 



X 



Xp\q\l) (l|g|g'). 
where we have used the relations in Appendix A to write everything in terms of 

spinor inner products. The square brackets in the second piece of (4. 132) may be 
summed using (A. 15). Doing this, plus a little more rearrangement produces 
Mt = --{-gV2r+^ y ^'dP q') m^M)k\qp') {pqf 



{pq') (g|l,...,n|p') {pp'){qq') 
P(l...n) 

-{-gV2r+^ y y-(^[l'^])VP9')(^[rf+l,n])fc^'(gpO {pqy 



2 ^n ^7l {p\l,...,d\q') {q\d+l,...,n\p') {pp'){qq')' 

V{l...n) flf=l 

(4.133) 
Obviously, the first term of (4.133) simply extends the sum in the second piece 
to include d = once more. Combination of (4.133) with Ai^ (equation (4.29)) 
produces the final result: 



M'^iip ^Q ;i^,---,^^;p^,?'^) 



_lf_„V2r+2 V ^[ (^^\^^d])\{pq'){^[d+l,n])k'{qp') 
2 vK'.n)hX (P|1'---.^I?0 {q\d+l....Mp') (4.134) 

1 {n[l,d]r{pp'){n[d+l,n])M{qq')\ {p qf 



N {p\l,...,d\p') {q\d+l,...,n\q') j{pp'){qq')' 
The expression obtained here agrees with the result of Mangano from reference 

[6]. Note that (4.134) does not include the crossed-channel contribution which 

is required if both quark lines are the same species and helicity. This is easily 

written down from (4.134). 
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As mentioned earlier, it is straightforward to generate the amphtudes for 
the remaining two quark hehcity combinations. The results read 

M^,{p+,q-;l+,...,n+-p'-,q'+)=^p^Mi^,{p~,q-;l+,...,n+;p'+,q'+), 

{pq} 

(4.135) 

MZ{p+,q+-,l+,...,n+-p'-,q'-)=^^^M'^,{p-,q--,l+,...,n+-p'+,q'+). 

{pq) 

(4.136) 

Thus, we see that the only effect of changing the quark helicities is a minor change 

in one of the factors; the gross structure of the amplitude remains unaltered. 

These two amplitudes also agree with reference [6]. 



V. CONCLUSION 

The complexity of computing scattering amplitudes in QCD rapidly in- 
creases with the number of particles involved. It is, therefore, important to 
develop efficient techniques for computing different types of amplitudes. As an 
attempt in this dierection, we have studied a gluon current with two off-shell glu- 
ons. This object appears in the process (1.1). This modified gluon current has 
one off-shell gluon, and one "special" gluon. The "special" gluon is off mass shell 
(A;^ 7^ 0) but has a transverse polarization vector (A: ■ e = 0). We have obtained 
an expression for the modified gluon current in the case of like helicity gluons. 
We have applied this current to the computation of the process (1.1). In spite 
of the intermediate expressions for this amplitude being quite complicated, the 
final result assumes a relatively simple form. 
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APPENDIX: MULTISPINOR CONVENTIONS 

Below we list the important results of application of Weyl-van der Waerden 
spinor calculus to gauge theories. Readers interested in the details should refer 
to references [1] and [7]. 

We use the Weyl basis 

for the Dirac matrices. In (A.l), a^ and a^ refer to the convenient Lorentz- 
covariant grouping of the 2x2 Pauli matrices plus the unit matrix: 

a'' = {l,a), (A2a) 

a^^{l,-a), (A26) 

and satisfy the anticommutators 



o- 



''"^i^n^p + i^T^i^n^p = '^9^'' 8% (^-sa) 



To each Lorentz 4- vector there corresponds a rank two multispinor, formed 
from the contraction of the 4- vector with o"^: 

r^ = -^^fj'- (AAb) 

For the purposes of normalization, it is convenient to use a different convention 
when converting momenta: 
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k'^P = afk''. {A.hh) 



M 



Useful consequences of (A. 5) and (A. 3) are 

k^l^kpp = k^5j, {A.Qa) 

k^pk^P = kX- (AM) 

The spinor indices may be raised and lowered using the 2-coniponent an- 



tisymmetric tensor: 



,a _ ^a(3 



m" = e'^'up, {A.7a) 

v<^ = e^Pvp, {A.7h) 

£"^ = £a/3, {A.7c) 

e^^ = e.^, iA.7d) 

£12 = £{2 = 1- {A.7e) 
Many useful relations may be easily proven from the Schouten identity 

6^6^-6f6^ + e"'^e^s = 0, (A8) 

the generator of 2-component Fierz transformations. 

We denote by u{k) and u{k) the solutions to the 2-component Weyl equa- 
tions: 

k'^^up^k) = 0, {A.9a) 

Up{k)W'^ = 0. {A.9b) 

These two spinors are related by complex conjugation 

Ua{k) = [ua{k)]*, (AlO) 
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and have the normahzation 

It is useful to define a scalar product 

(12)=m"(A;iK(A;2), (A12) 

which has two elementary properties 

(12) = -(2 1), (A.lSa) 

{1 2) {1 2)* = 2ki ■ k2. (A.lSb) 

Contraction oi Ua{ki)ui3{k2)u'^ {k^)u (k^) into (A. 8) produces the extremely useful 
relation 

(1 2)(3 4) + (1 3)(4 2) + (1 4)(2 3) = 0. (A14) 

A second relation of great utility may be derived from (A. 14): 



{lq}{q2} {2q}{q3} {lq}{q3}' 
Equation (A. 15) may be used to demonstrate that 

^ (jg)(gj+l) {iq){qm)' 
A recurring structure is 

{p\l,2,...,n\q) = {pl){12)---{nq). (A17) 
We note the following basic properties of {p\l, 2, . . . , n\q): 

{P\\q) = {pq) (A 18a) 

{p\l, 2, . . . , j-l|j)(j|j+l, j+2, . . . , n\q) = {p\l,2,..., n\q) (A186) 
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(g|n, n-1, . . . , lb) = {-ir-\p\l, 2, . . . , n\q). (A18c) 

Helicities ±1 for massless vector bosons may be described by 

ead(fc ) = 71 — ^ , (A. 19a) 

[k q) 

eaa{k ) = 7^-— i; , (A.196) 

{k q) 

where q is any null- vector such that k ■ q ^ 0. As the choice of q does not 
affect any physics result, we will refer to u{q) and u{q) as gauge spinors. The 
corresponding polarization vectors e^(A;) defined through (A. 4) differ from the 
"standard" polarization vectors 

e^(A;±)=(o,T^,^,o), (A20a) 

k''= {k,0,0,k), {A.20b) 

by a phase and a gauge transformation depending on q. [1] 

To save accounting for a large number of indices, an efficient method is to 
initially write quantities in the usual formalism and then convert to multispinor 
notation at a later stage using the substitutions 

1- • 1 

k • k = —k k ad ^ ~l^adk , [A.ZLa) 

k ■ t{k') = -Lk'^^eadik') = -lA;«^e"«(A;0, {A.2lb) 

e{k) ■ e{k') = e^°(A;)eaa(A;') = ead(A:)e^"(A;'), (A21c) 

for Lorentz dot products and 

i(l-75)^-^^a, (A22a) 

^(1 + 75)^— ^r, (A226) 

^(1 - 75) /^(l + 75) -^ ^Jad, (A22c) 
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^(1 + 75) /\{l - 75) -^ v^^"", {A.22d) 

i(l - 75)^i(l + 75) -^ kaa, iA.22e) 

1(1 + 75)1^^(1-75) — ^"", (A22/) 

in strings of Dirac matrices. Note the unequal treatments of momenta versus 
other 4- vectors caused by the conventions (A. 4) and (A. 5). 
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